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PublishiRge diction of limit cycle amplitudes in thermoacoustic engines by means of

impedance measurements

V. Zorgnotti,"'® G.Penelet,! G. Poignand,! and S.L. Garrett!
Laboratoire d’Acoustique de 1’Université du Mans (UMR 6613 CNRS),
avenue Olivier Messiaen, 72085 Le Mans Ceder 9, FRANQE,

(Dated: 28 July 2018)

This paper deals with the prediction of the frequencywand“the amplitude of self-
sustained oscillations generated in thermoacoustidprimeanovers, which are compared
to measurements. A specially designed, high famplitude, acoustic impedance sensor
was developed to perform measurements of the mputdmpedance of a thermoacoustic
core, as a function of the heating power supplied to the device, of the frequency, and
of the amplitude of acoustic forcing4 Thosegneasurements can then be used to pre-
dict the spontaneous generation of aepustic Oscillations and their saturation up to a
steady-state. Those predictions wege stteeessful for various acoustic loads connected
to the thermoacoustic core. Mgreéower, the measurements of acoustic impedance as a
function of the amplitude af*acoustic oscillations are compared to a model based on
the linear thermoacousti¢ thedry, and this comparison provides insights into the pro-
cesses controlling the saturation of acoustic oscillations. The experimental procedure
described in this“paper €an also have practical value, since it provides an empirical
way, in prindiple to optimize the coupling between the thermoacoustic core and the
load, so tha{ the"potential efficiency of thermoacoustic energy conversion is maxi-

mizeds
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Publishihg INTRODUCTION

Heat addition, which is one of the elementary sources of sound production’, is employed
for the purpose of energy conversion in devices called thermoacoustic engines. The basic
elements of these devices are an acoustic resonator and a porous medium inside, usually re-
ferred to as a stack. Heat addition is employed to maintain a temperatire gradient along the
stack, and this leads (above a critical value of the temperature gradient) to the spontaneous
generation of high amplitude acoustic oscillations at thesfrequency“of the most unstable
acoustic mode. This transduction process, which occursewithin thermal boundary layers
in the stack, can be used for the delivery of mechanical peweér to a load, giving rise to a

thermoacoustic engine”.

Thermoacoustic engines have been studied fer about three decades’, and because of their
inherent simplicity and their good performamces ™ they represent nowadays credible al-
ternatives to other kinds of thermodynamic ‘engines”, e.g. for applications devoted to the
recovery of waste heat”. Although gsnuch has been done in terms both of engine develop-
ments and basic understanding ofttheitoperation, further efforts are still needed to promote
their applications. Among thekey poings which still require further research are the accurate
description of sound propagatiomand-heat transport through stack /regenerators having com-
plex geometries (e.g. métallie foams or stacked meshgrids”'"), the accurate description of
both entropic and hydrodynamie entrance effects involved at the ends of the stack and of the
heat exchangers' # "ot 'the proper account of nonlinear effects like acoustic streaming '~ or
higher harmonics gengration “. It is indeed worth pointing out that although various design
tools' *'* based on Rott’s linear theory of thermoacoustics ’ are available, the accurate pre-
diction of a limit ¢y¢le amplitude (or even its stability) remains, sometimes™, an important

1ssue.

This'paper aims at evaluating a new way of characterizing the operation of a thermoacous-
tieprimeymover, which is based on a "black-box" approach, or in other words on the char-
aeterization of the thermoacoustic core as a whole, from experiments. Similar approaches
haye already been used but were actually limited to low amplitudes of acoustic pressure:
Guedra et al."»"" as well as Bannwart et al.” have shown that the measurements of the
acoustic transfer matrices of a thermoacoustic core (within a given range of heat supply and

frequency) can be used to predict the onset of the thermoacoustic instability for various en-
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Publishigigics equipped with the thermoacoustic core characterized beforehand. A similar approach
has been used by Hatori et al.”” who have shown that acoustic impedance measurements can
be used to define the optimum load that should be connected to the thermoacoustic core, so
that a minimum temperature gradient is required to trigger self-sustained oscillations. The
main advantage of these approaches is that once the thermoacoufic core is characterized
in terms of a two-port network”""* or a dipole”” for various apiounts of heating and vari-
ous frequencies, there is no need to describe heat transport and*wave propagation through
this element. It is then quite straightforward to evaluate ghe _optimnuin acoustic state at its
boundaries giving rise to maximum thermoacoustic amplifigdtion. This amounts to solving
an eigenvalue problem, as shown by Holzinger et al.X. However, all the studies mentioned
above were limited to the linear regime where thle impact<of high amplitude acoustic oscil-
lations on the mean temperature field (e.g. die.to acoustic streaming or to thermoacoustic
heat transport within the stack) and on power dissipation (e.g. due to the generation of
vorticity close to the stack ends) werg not ‘egnsidered. Due to these omissions, the use
of experimental data is necessarily limitedsto the prediction of the onset threshold of the

thermoacoustic instability, since mo satuvation mechanism is taken into account.

In this paper, we présent an extension of these works to the regime of large amplitude
acoustic oscillations/ The bagie idea consists of measuring the acoustical input impedance
of a thermoacoustic cote agfa function of the supplied heat power, of the frequency, and
of the sound pressure Jevel (imposed by the acoustic impedance sensor). We show that
the measurententé can be used to predict the amplitude and the frequency of steady-state
acoustic ‘egcillations resulting from the (resonant) coupling of the thermoacoustic core to
an acoustic load. In section II, the experimental test-bench is presented and attention
isdocused on' its calibration procedure. In section III, various results of such impedance
measurements are presented and compared to a model based on Rott’s theory ’ combining
asdescription of sound amplification by temperature gradients, and of sound saturation due
toythermoacoustic heat transport: this model is described in Appendix A. We also show
that the experimental results can be used to predict steady-states, and that the predicted
steady-states match with the ones obtained in experiments. Finally, conclusions are drawn

in section IV, where possible extensions of these works are also discussed.
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FIG. 1. (a) Sketch of the experiment%or acoustic impedance measurements. The
coil

impedance sensor consists of a movi dspeaker mounted inside a cavity. The input

impedances are computed (from t icrophone signals) at the red dashed line location, i.e.
at the sensor output, where any. oi&bgmserted (b) This set-up is described as an equivalent
electric circuit. The rear cav1ty§\% volume of fluid facing the speaker cone are represented as
equivalent admittances. hehjmg duct, along which Mic. 2 is mounted flush, is represented as
two two-port networ Wlt}l th ssociated transfer matrices T3; and T32. The microphone labeled

as Prer 1S an addl mal cr{phone used to measure the sound pressure level into the load.

II. APPAR US
/

xper tal set-up

(gfie‘bch of the experimental set-up used for acoustic impedance measurements is pre-

2920 developed espe-

i Fig. 1(a): it is a high-amplitude acoustic impedance sensor
cl lly for this study which allows measurement of the ratio of acoustic pressure to acoustic
volume velocity, at the entrance of any acoustic load attached to the sensor. The measured
impedance is therefore the input impedance of the load. This device consists of a moving coil

loudspeaker (Beyma 6MI100) mounted in a rear cavity, and connected to the load through

4
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Publishiagront cavity and a coupling duct. A microphone (Mic 1, see Fig. 1) is flush-mounted in
the rear cavity to measure the acoustic pressure p;(t), while another microphone (Mic 2,
see Fig. 1) measures the acoustic pressure py(t) in the coupling duct. The front cavity is
essentially a gas spring and it corresponds to the volume of fluid facing the loudspeaker’s
front cone. It is connected to the coupling duct, whose diameter snatches the diameter of
the acoustic load. The two microphone signals are used to compfite theSuput impedance of
the attached load at a location marked with a red dashed line, atsghe sensor output, in Fig.
1(a), as explained below. An electroacoustic analog of thé“experimental test-bench is also
presented in Fig. 1(b), which helps understanding how th¢ impedance can be calculated
from the measurements of the acoustic pressures p;(#) and p(?). The computation process
is based on the accurate knowledge of the systemfacousticsbehavior and the geometry of the
apparatus.

The lumped-element model of Fig. 1(b), répresents the rear and front cavities as two com-
plex admittances Y; and Y5 which are determined™from the calibration procedure described
in the next sub-section. The coupling dieg used for the connection to the load (and for
the measurement of the acousticgpressyré py) is described by means of two-port networks,
whose corresponding transfer gnattices, T%; and 739, can be determined as far as the lossy
propagation of plane waves throeygl“each piece of duct is assumed. More precisely, each

matrix can be derived frémthe formula

N cos(kL) —iZ.sin(kL) | 0

—iZ tsin(kL)  cos(kL)

where L stands.for the length of the duct, and where k£ and Z,. respectively stand for the
complex wave'number and the characteristic impedance of the duct [e.g. see ref””, Eqs. (14)
and (15)]% THerefore, if the admittances Y; and the T-matrices T3, and T3y are known, it
is almost straightforward to determine the input impedance Z;, as a function of the an-
gular, frequenty w and of the frequency response function defined as Hy; = po/p; where
pivand py stand for the complex amplitudes of acoustic pressure measured by the two mi-
crephones [these complex amplitudes are defined from the fluctuating pressures p;(t) as
pilt) = R (p;e™?")]. When the sensor executes harmonic oscillations at angular frequency w
and is connected to an arbitrary load, the input acoustic impedance Z;, = Dy /U, is de-

fined as the ratio between the complex amplitude of acoustic pressure (p;,) and the complex

amplitude of volume velocity (@;,) entering into the load. The pressure p;, and the volume
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Publishingocity @, can be written as functions of the pressure p* and volume velocity @* just in
front of the loudspeaker membrane:
~4 ~+
P T3y x T31 X Ty % P ; (2)
i +
m
where T3, and T3, are the T-matrices describing wave propagation thiough the coupling

duct, and where

1 0
Ty = (3)
Y, 1

corresponds to the transfer matrix of the front cavity (i.¢. from the membrane to the
entrance of the coupling duct). The volume velogity provided by the loudspeaker 4" can be
expressed as a function of the pressure measured by Mic: 1 and of the admittance Y; of the
rear cavity:

i =<)Pr, (4)

while the acoustic pressure p™ can hewexpréessed as a function of 4™ (and therefore of py)
and of the measured pressure p, €hrough the transfer matrix 75 of the front cavity and the
transfer matrix 73;. As a resdltyan‘explicit relation between the input impedance Z;, and
the frequency response function Hg; 1s obtained, which involves the transfer matrices T3,
and T3, of the coupling duct,“and the admittances Y; 5 of the front and the rear cavities.
However, an exact egfimationof the latter admittances Y » can not be obtained analytically,
and therefore it hds to beestimated experimentally from a preliminary calibration procedure.

This proceduréis desceibed in the following sub-section.

B. Calibzation' procedure

The agcuracy of the measurements relies on the quality of the calibration of the system,
which involves a good relative calibration of the two microphones and an accurate knowledge
of<the admittances Y; and Y;. Both the rear and the front cavities mainly act as gas
compliances, but these compliances are not easy to determine from the dimensions of the
system, and there are also some losses in the cavities which must be taken into account.
Therefore, the admittances Y; and Y5 must be determined from experiments as functions of

the frequency, and this is done by means of a two-load calibration procedure””
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Publishin g''wo measurements are made, at low amplitude of forcing, with two different loads con-
nected to the sensor. One load, denoted as Zl(fl)d, is a rigid plate and a first set of measure-
ments Héf) (w) is obtained. The second load, denoted as Zl(o?u)i is an empty duct of length
L = 20 cm and inner radius R = 2.7 cm which is terminated by a rigid plug: this leads
to a second set of measurements HQ(?) (w). Because the correspouding impedances of the
two loads are known from theory, they can be used as referen€es _so that the two sets of
measurements enable determination of the two unknown admittancés Y; and Y5 as functions
of the frequency. After manipulation, this leads to the following selations:

1
23" Hyp? (809 +{(VYy)

(5)

Y, =

240 50 P GG
D R R D)-
CRROTN 0 T

where the frequency dependent parameters Siand Yjare defined as

Yy =

ﬁ(RvD) — —ZéR‘D)T31(2, 1) _'_ T31(17 1)7
D) NZELTH (2,2) — Tan(1,2).

Ts1(i, ) stands for the coefficient, of the 1" row and j* column of the transfer matrix 75,
and

ZRD) _ Tis(2,2) Zpm” — Taa(1,2)
2
Tsa(1,1) — Taa(2, 1) Z0)

(7)

corresponds to the impedangé at the position of Mic. 2, which itself depends on the reference
load, Zl(ojz)d or, Zl(i)()z' Once the two admittances Y;, are determined, the quality of the
calibration s chee¢ked by measuring a third known load, e.g. an empty duct with a different
length tefmindted with a rigid plug, and by comparing the measured load with its theoretical
value|

Becauge the objective is also to measure the input impedance as a function of the am-
plitude of forcing (with acoustic pressure amplitudes ranging from a few tens of Pa up to
arennd 1300 Pa in the following), the possible dependence of Y; » with the acoustic pressure
amplitude due to nonlinear losses within the impedance sensor must be considered. This is
done by fixing the angular frequency and by repeating the two-loads calibration procedure
described above to determine the variations of Y; and Y5 as functions of the pressure am-

plitude |p1| in the rear cavity. Such a nonlinear calibration procedure is however based on

7
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FIG. 2. (a) Schematic representatio he thermoacoustic engine. It is composed of an empty duct
(the load) connected to the ther Wic core (TAC) inside which is placed the stack subjected
to a temperature gradient e left-side of the load can either be open or closed by a rigid plug.
(b) The input impedance %oad is measured as a function of the frequency. (c¢) The input
impedance of the the
frequency, and o&&gph

io at the impedances of the two reference loads do not depend on the sound

0 COll}tl core is measured as a function of the heat power supply, of the

de of acoustic forcing.

pressure
ﬂ
agation effecgs™™ As will be shown in the following, the accuracy of the results presented in

l,/wbic might not be the case (especially for Zl(o?u)tl) because of nonlinear prop-

sgction em to confirm that this approximation remains acceptable as other sources of
errers pl}y a more significant role.

<

C.\ Basic principles of the measurement procedure

The system under consideration in this study is the one presented in Fig. 2(a), which con-

sists of a standing-wave thermoacoustic prime mover. It is basically composed of an acoustic
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Publishiregenator with a porous medium inside, referred to as the stack”, and the application of a
temperature gradient along the stack is used to trigger self-sustained resonant oscillations.
The goal of this study is to make use of the impedance sensor that has been described
to predict the onset of acoustic oscillations as well as the amplitude and the frequency of
those steady-state oscillations. To that purpose, the basic idea is t@ make use of impedance
matching between two sub-parts of the engine, which are charactériged beforehand using the

impedance sensor (see Fig. 2(b-c)).

The first sub-part of the engine, denoted as the load{ is“a duet with a variable length
Lioeq and inner radius Rj,,q = 2.7 cm filled with airqat 1 bar and room temperature T...
It can be either closed by a rigid plug or open to freg spacéy(it could also be connected to
a mechanical load like a loudspeaker). The load does not contribute directly to the ther-
moacoustic amplification of sound waves, but itsplayg a‘key role in the potential triggering
of self-sustained oscillations since its couplingwyith the other sub-part determines both the
eigen frequencies and the associated spatial distribution of the acoustic field. The second
sub-part of the engine, i.e. the thedngacoustic core (TAC), consists of a duct with length
Liye = 34 cm and inner radius Rf,e = Rjpad, terminated with a rigid plug. Inside this duct,
the stack of length L, = 4 cmdis inserted, The tube that is formed by the remaining part of
the core, between the stack end amd the rigid plug is called the thermal buffer tube (TBT)
and it is 22 cm long in t#is study. Tt consists of a 400 CPSI (Cells Per Square Inch) Celcor®
ceramic material made of many parallel square channels running along the duct’s axis. The
role of the stack ig'to promote the thermoacoustic amplification process which occurs within
thermal boundary layers in each channel’. Heat is supplied on the right side of the stack by
means of a nichgome wire (50 cm in length, 0.25 mm in diameter) which is rolled through the
stack ends This wire is connected to a DC power supply, so that the temperature gradient
is cregted because of the heat leaks through the lateral walls and the left end of the stack
ismaof equiped with a cold heat exchanger (see Fig. 2). Two thermocouples are placed in
the thermoacoustic core: a first one gives the temperature Ty, along the duct axis close to
the Nichrome wire, and a second thermocouple measures the temperature T, at the input
ofithe thermoacoustic core. These two measured temperatures are only used as indicators
of the temperature field in the system (notably to check that the temperature T;, remains
close to the room temperature T..) which is not uniform through the duct’s cross-sectional

area.
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Publishing s depicted schematically in Fig. 2(b-c), the experiments performed in this study consist
in measuring the input impedance of each sub-part. The input impedance of the load
Zioaq 18 measured as a function of the angular frequency w. The input impedance of the
thermoacoustic core Z;,. is measured as a function of the angular frequency, of the heat
power () supplied to the Nichrome wire, and of the peak amplitudé P of acoustic pressure
measured with a third microphone mounted flush through the rigidplug$acing the hot stack
end (see Fig. 2). Note that this pressure amplitude P can e eqitrolled by the electrical
power supplied to the impedance sensor. The interest indmeastzing the impedance of the
two subparts is that the connection of each part amounts to matching their impedances,

which can be expressed as

Ziae (W, Q, P) & ~Bpaq (W), (8)

where the minus sign in front of Z;,,4 comes“tont“the choice of a direction for the acoustic
volume velocity (oriented towards the thegmoacoustic core). Eq. (8) is actually similar
to the characteristic equation of the ¢emaplete device °, and its solution provides a way to
determine the possible steady.stateg agsoeiated with the autonomous oscillator considered.
More precisely, if a given amount() ofdieat power is supplied to the TAC and if there exists a
(real-valued) angular fregueney wy, as well as a (positive) pressure amplitude P, so that Eq.
(8) is satisfied, then the solution (ws, Py ) corresponds to the frequency and the amplitude
of a limit cycle poterttially aghieved by the system. Note, however, that Eq. (8) might have
no solution (e.g™ if"¢he power supply is lower than a threshold value, or if the frequency
range investigated does not include a natural frequency) or it might have several solutions
(e.g. if the systenisg bistable, or if the frequency range investigated includes several natural

frequefieies).

If thegneasurements of Zy,.(w, @, P) and Zj,.q(w) are performed within a given range
of\frequencies and pressure amplitudes, and for different values of the heat supply @, then
the, post-processing of experimental data enables prediction of the steady-state potentially
achieved by the device without any need to have information about the nonlinear processes
responsible for the saturation of sound. The proof-of-concept of this procedure, which has
been employed for several decades in the field of electronics™, is validated in the next section

on the thermoacoustic engine described above.

10
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FIG. 3. Real part and imaginary part of the input impedance of the themnoacoustic core, Ziqe, as
functions of the frequency. The stack of length Ls= 4 cm i§ plaged 22 cm away from the rigid
plug, and the supplied heat power is switched off (Q = @), the amplitude of acoustic pressure P
is around 100 Pa, so that the measured impedance is a lingar impedance which does not depend
on the amplitude of acoustic forcing. Experiments (Selid lings) are compared with the theoretical
model (dashed lines). Note that the geometrigal parameéters of the stack are adjusted to match

with the experimental data.

I1T. EXPERIMENTAL RESULTS
A. Input impedance at lowzamplitude, without heating

The experimental regfilts obgained for the input impedance of the thermoacoustic core are
shown in Fig. 3, within the feeqtiency range from f = 130 Hz up to f = 200 Hz, and with the
stack placed 22 c away,_ frofi the rigid plug (i.e. Ly = 22cm). These results are obtained
without providing heag to the TAC (Q = 0) and for a low-amplitude of acoustic forcing
(around 100 Ra){so the acoustically induced heat transport along the stack can considered
as small,“and/the temperature distribution through the TAC can be considered as being
uniform at room temperature. The input impedance is presented in terms of an acoustic
resistareg R (7,,.) and an acoustic reactance S (Zy,.). As can be seen in Fig. 3, the TAC has
a negative reactance which grows with frequency: such a result is consistent with expectation
because the wavelength is much larger than the length of the TAC within the frequency range
imyestigated, so that the TAC mainly acts has a gas compliance (i (Zyae) x —i/w). The
real part of the input impedance is always positive, which is also expected since sound
amplification does not occur, and a positive power W;,, = %3‘% (Ztae) iin|? must therefore be

provided by the impedance sensor to sustain the acoustic field.

11
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PublishingAlthough the main scope of this study deals with experiments, it is interesting to compare
the input impedances obtained experimentally to the ones obtained with a model based on
Rott’s theory'’. This model is presented in appendix A and it is used to calculate the input
impedance as a function of the pressure amplitude P, the heat supply (), and the angular
frequency w. The model describes the thermoacoustic process within the stack, which is
treated as a collection of parallel channels having a porosity ¢&nd a mean channel radius
ro. The model also describes heat transport through the TAC, and‘it accounts both for the
heat leaks to the lateral walls and for the thermoacoustigfranspert of heat. In Fig. 3, the
results of the model are also presented (a linear version_of the inodel with @ = 0 is employed,
since Zyqe does not depend on P for low amplitudes).\In thegmodel the stack is treated as a
collection of cylindrical pores, and the inner dimehsions of<the stack, namely the pore radius
ro and the porosity ¢ have been adjusted to “g = 0.57 mm and ¢ = 0.75 in such a way
that a good agreement with the experimental results is obtained. It is worth noting that ¢
and 1y are very close to the values specified bythé manufacturer for 400 CPSI Celcor® and
also to the values retrieved by Guedga et als” in a similar case. The theoretical value of the
reactance matches well with the experiméntal one, and a small discrepancy is observed for
the resistive part of Z,,. which is heweyer'not surprising regarding that the reactance is two
orders of magnitudes higher tham_thewresistance (the absolute error is actually almost the

same for both R (Z;4.) afld™ S Zy4c))-

B. Input impédance.at low-amplitude, with heating

In Fig. 4, we pfesent the real and imaginary parts of the input impedance Z;,. as functions
of the heat supply & and for various frequencies of forcing, at low amplitude (heat transport
by sodnd is thergfore almost absent). The stack is placed at a distance of 22 ¢cm from the rigid
plug.(i-ee Lg: = 22 cm). Here again, the results obtained experimentally are compared to
the ones'of the model. To that purpose, the geometrical parameters of the stack are kept the
same ( 79 = 0.57 mm, ¢ = 0.75) but another adjustment of the model parameters are made,
which concerns the heat exchange coefficient h;,; through the side walls along the stack and
the remaining part of the TA core [see Appendix A, Eq. (A12)]. The determination of the
heat exchange coefficients describing heat transport through the side walls is indeed difficult

to obtain theoretically. Therefore, these coefficients are adjusted in the model in such a

12
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the provided heat power for different acou i ng frequencies. The stack of length L;= 4 cm is
the T

placed at the distance Ly = 22 cm f id plug of the TAC. Solid lines are obtained from
the measurement, while the simula ts are represented with dashed lines. Note that in the
model the coefficients hyy, [see Q (A12)] describing heat leaks through lateral walls

are adjusted so as to match with thesexperimental data.

way that the reactanCe of )AC is close to the one observed in experiments. The values
obtained once thig'ad) ,t,eny!nt procedure is achieved are a coefficient hy,; = 70W/m?/K for

f N heat leaks through the side walls along the stack, and a coefficient
;} for the heat leaks through side walls along the remaining part of the

the descriptio

. From the analysis of the results depicted in Fig. 4, one can clearly see
that applyin emperature gradient to the TAC strongly impacts both the resistive and the
reaGiiv art% of the impedance. The variations of the reactance (Z;,.) with heating can
b expla?’led by the fact that the propagation of sound is affected by temperature gradients
T‘b%e &)eed of sound depends on temperature). More interestingly, the results clearly show,
fox both experiments and theory, that the supply of heat leads to a decrease of the resistance
R (Ziac) and even to a change of its sign, which means that above a critical value of heating,

the TAC provides an acoustic gain instead of an acoustic attenuation. Note, however, that

the occurrence of an acoustic gain (within a given frequency range) due to the thermoacoustic
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the coupling of the TAC with the impedance sensor prevents this.

When comparing the results obtained experimentally with the ones obtained theoretically
for the real part of Z,,., it appears that the model only reproducés qualitatively the exper-
imental observation: in both cases the real part decreases with frequency so that acoustic
attenuation becomes an acoustic gain, and in both cases the largest“gain is obtained for the
lowest frequency investigated (140 Hz). It is also observed, however, that the model does
not reproduce perfectly the increase of the thermoacgustic gaim as a function of the heating
power. There are several reasons which may explain why such a difference is observed be-
tween experiments and theory, and we did not try herésto reduce the discrepancy between
the model and the experiments, which could have'heenrdone by trying to adjust parameters
such as the effective thermal conductivity of thestack. Actually, the observed difference is
not surprising when considering that théwpodeldescribes heat transfer through the TAC in
a very simplified way, which is based ‘@i a,one*dimensional approximation (the temperature
calculated by the model is a mean“gxial temperature averaged over the cross-sectional area of
the duct). Therefore, it is impegtang to note that in this study, the comparison with a model
is performed with only the objectivesto facilitate the analysis of the experimental results ob-
tained, and one could even argue that if a high-fidelity model of the TAC could be derived

then the interest indcharacterizing the TAC as a black-box would become unnecessary.

Measurementsfare performed at low amplitudes of forcing, so that the input impedance
of the thexmoefacoustic core can be considered as independent on the amplitude of acoustic
pressure. If heaf power is supplied to the TAC, a heterogeneous temperature distribution
isprodueed but the impedance remains linear at low amplitudes of forcing (the impact of
sound o heat transfer is low), and its real part exhibits amplification of sound when it
reaches negative values (as shown in Fig. 4). However, at large amplitudes of forcing, the
impedance of the TAC not only depends on the frequency and the heat supply @, but also
on the amplitude of the acoustic field which impacts the temperature distribution. This
acoustically induced transport of heat is the effect which is investigated in the following, by

means of impedance measurements.
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FIG. 5. Normalized step response Hyorm. (t), see Eq.£(9), to andncrement AQ of heat supply (blue
lines), to an increment Af of frequency (red line§), or to anfincrement AP of pressure amplitude
(black lines). The default values of @, P and f are set t§ Qo = 0 W, Py = 50 Pa, and fy = 150 Hz,
while the values of the increments are chogen as “AQ) =22 W, AP =86 Pa and Af =20 Hz.

C. Input impedance as a fungction of heat supply and forcing amplitude.

Prior to proceeding to an expeciméntal mapping of Z,. as a function of the frequency
f, of the heat power Q) £and of the peak amplitude P of acoustic pressure measured by the
microphone mounted/flush ithe rigid plug of the TAC, a first question needs to be addressed,
which deals with£he experimental protocol. Supplying heat to the device indeed leads to
a transient regime of\temperature variations, and the typical time of thermal equilibrium
must be determined, since Z;,. must be measured once the temperature field has (almost)
reached steadg-state. Moreover, at large amplitudes of acoustic forcing and for a fixed value
of hedt power supply, any variation of frequency or any variation of the amplitude of sound
also.impacts/the temperature distribution. Therefore, it is important on the one hand to
make sure that the measurements of Z,.(w, Q, P) are performed once the temperature field is
constant, and on the other hand the shortest waiting time between two sets of measurements
nyst be chosen so that the largest amount of data is obtained within a reasonable time. This
question of a compromise to be found regarding the choice of a typical waiting time between
two measurements is addressed by means of the experimental analysis of the step response

of Z;,. to an increment of heating AQ), of frequency Aw, or of pressure AP. In Fig. 5, the
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Publishi'n;g; ~rimental results obtained for the transient response of Z;,. to an increment of acoustic
pressure, of frequency, or of heat supply are presented. More precisely, the normalized step

responses _ F(t)-F(t=0) 9
- Max (F(t)) — F(t =0) 7

are presented as a function of time, where F' either refers to R (&ise) or to I (Zia). The

Hnorm.(t)

step-responses to an increment in acoustic pressure (black liges),%in heating (blue lines),
or in frequency (red lines) are analyzed. From the resultSidepieted in Fig. 5, one can
conclude that, as a first approximation, both the real paft and the imaginary of the input
impedance Z;,. present a step-response similar to the«typical response of capacitor to a
voltage increment, although the occurrence of an overshoot is visible for the step-response
of R(Zy4e) on the solid blue curve around t ~ 100s. Therefore, the results presented in Fig.
5 are used in the following as a guideline for the definifion of an experimental protocol to
measure Z,.. The protocol to get a completesmap of Z,,. as a function of P, ), and w is

chosen as follows:
1. the heat power supply is fixed te awvalue Q,,in,

2. after a waiting time off 600 5, the electrical power supplied to the loudspeaker is
switched on, and forced oseillation with a frequency f = f.in, and with an ampli-

tude P = P,,;, aré provided to the TAC,

3. the input impedaute Z;,.(w, Ppin, Qmin) is measured as a function of frequency from
f = fmin 4D%0 f = fia: with a sampling interval Af = 5 Hz, while a lag time of

300 s hetween two'successive measurements is maintained,

4. an Tagcreinent I voltage supplied to the impedance sensor is applied in such a way that
the sound pressure amplitude rises by AP(with ~100Pa here), and the measurement,
of\the frequency response function Z,.(w, Ppin + AP, Quin) is repeated (still with a

lagjtime of 300 s between two successive measurements),

5. the latter operation is repeated to measure Zi,.(w, P, Qmin) for pressure amplitudes

ranging from P,,;, up to P,

6. an increment AQ in heat power supply is provided (with AQ < 5 W here), and the

measurements are reproduced in accordance with the procedure above, to produce the
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FIG. 6. Real part and imaginary part of the inéu{n:; ance of a TAC as functions of the pressure
amplitude P for a provided heat power o M frequency of acoustic oscillations is fixed
to 170 Hz, and the stack is placed at a dis htbt =22 cm from the plugged end. Together

with the experimental results (solid line) brnparison of experimental data with the results of the

One set of measurendents 0f Zg.(w, P, Q) for a given position of the stack along the TAC
gives rise to about |1 /34/< 4] data points.

In Fig. 6, rwf measurements is presented, which corresponds to the variations
of the real part.of Z;,. as a function of the pressure amplitude P, for a frequency of 170 Hz,
and a heater powertof 21 W. The value of @) is here such that at low amplitudes the real

part df Z,,. ismégative, which means that acoustic gain is provided by the thermoacoustic

C
a.

}ﬁe\ is expected, since the increase of acoustic pressure leads to an increase of the
t

re., Mc r)sults clearly show that an increase in acoustic pressure amplitude leads to
Kgr; e of R(Z.), as expected, and R (Z;,.) even vanishes around P ~1 kPa. Such
su
nsport of heat by sound, which itself tends to reduce the temperature gradient (with
subsequent diminution of thermoacoustic sound amplification). The associated results of
the theoretical model are also presented in Fig. 6 using a dashed line: a good agreement

is observed between measurement and theory (which might be explained by the fact that
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adjusted beforehand from the measurements at low amplitude, see subsection III A and

111 B).

D. Prediction of the onset

The results presented above show that the increase of the sound pressure level in the
thermoacoustic core leads to a reduction of sound amplification,“and therefore that a bal-
ance between the production and the dissipation of gnergy«in the complete device of Fig.
2(a) should be achieved to determine an operating paint comresponding to steady-state os-
cillations. The results of Fig. 6 also show that the impedance of the TAC remains almost
constant for low amplitudes of forcing (typically less;thian 200 Pa). Therefore, the results
obtained for this linear regime where Z;,4 (almost) does not depend on P can be used, at
first, to determine the conditions for whieh tle onset of the thermoacoustic instability oc-
curs. As mentioned previously in Hge,(8),“he connection of the TAC to its load is such
that Zsum = Zioad + Ziae must vanish\In the regime of low-amplitudes for which Z,,. is
only a function of @) and w, the onSet egndition therefore reduces to Zg,,, (w,Q) = 0 or to
—Zioad(W) = +Ztae(w, Q). In FigiZ(a-b-c-d), the measured variations of the real parts and
imaginary parts of —Zyf,s(w)sand +Z.(w, @) as functions of the frequency are presented
for various amounts £) of heag stipplied to the TAC. In this example, the impedance consists
of a straight duct’of length/L;,.q = 20 cm terminated by an open end and the measured
impedance — Zjpqq(w)4is presented with dashed lines, while the measured input impedances
of the thermoagoustic core +Z;,.(w, Q)) are presented with solid lines for heater powers rang-
ing from € =10 W¥(soft grey lines) up to @ = 20 W (dark grey lines). Although the results
presefted in Fig, 7(a-b-c-d) provide useful information, they do not provide an effective way
toeprediet the onset of thermoacoustic oscillations: depending on the value of (), it appears
that the points of intersection of —S (Zjp0q) With +3 (Zy4.) are located within the frequency
range 161 Hz < f < 166 Hz while the balance of the real parts occurs from f = 138 Hz (if
Q=10 W) to f = 194 Hz (if Q = 20 W). Since the objective is to find a value Qopser 0f
@ such that both the real part and the imaginary part of Z,,, vanish for the same value
Wonset Of the angular frequency, a more convenient way to present the results is the one in

Fig. 7(e), where the functions R (Zsum) = 0 and I (Zgum) = 0 are presented as functions of
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FIG. 7. (a-c) Realfpa s’gmd/(b-d) imaginary parts of —Zj,qq and +Z,. measured as functions

of the frequency,é; ow amplitude of acoustic forcing (i.e. P < 60 Pa) and for various amounts

of heat suppli bthe TAC ranging from @ = 10 W (soft grey lines) up to @ = 20 W (dark grey

lines). (e)Ploffof the functions R (Zsum) = 0 and I (Zsum) = 0 as functions of both the frequency

and the heate (‘){ver_ These functions are obtained from a contour plot of experimental data,
-

WQ ; impedance Zgyy, is defined as Zsum = Zipad + Ztac-

%\ﬁfr\equency and the heater power. These functions are obtained from the post-processing
ofie

xperimental data using the contour plot tool in the Matlab® environment. The results
of Fig. 7(e) show that the onset condition occurs at the intersection of the two curves, i.e.
at a frequency f,nser =~ 162.5 Hz and a heater supply Qonser = 12.5 W. The same, but less

visible conclusion can be drawn from the analysis of Fig. 7(a-b-c-d), and this prediction has
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FIG. 8. Plot of the curves R (Zsym) = 0 and S (Zsyum) = 0 as functions.of the frequency and of the
amplitude of acoustic pressure for provided heat power of Q=225W. The curves cross each other
at foo = 157.5 Hz, and Py = 990 Pa, which correspohds to thedmpedance matching condition. On
the same plot the measured limit cycle with f =%§7.1 Hz and P = 938 Pa is represented using a

diamond marker.

also been confirmed by performing the experiment in the complete thermoacoustic device.
The mode of representation of the meaguted.data adopted in Fig. 7(e) is the one retained in
the following, where the extensiom te Jarge amplitudes of forcing is investigated to predict

the frequency and the amplitude ofssteady-state oscillations.

E. Prediction of'steady-state behavior

The impedange matching condition of Eq. (8) remains applicable for the post-processing
of experimental data obtained for large amplitudes of acoustic forcing, and a graphical
analysis Sinildr to the one of Fig. 8 can be used to predict the steady-state angular frequency
we a$ well as*the associated peak amplitude of acoustic pressure P, for any value of the
heatupower @ > Q,nser Supplied to the TAC. This analysis is performed in the case of a
load consisting of a duct of length L;,,q = 20 cm terminated with an open end, while the
heater power is fixed to Q = 22.5 W. The results obtained after post-processing of the
nigasured impedances Zjqq(w) and Zy,.(w, P, Q) are presented in Fig. 8. According to these
measurements, the device should give rise to a steady-state with a frequency f,, ~ 157.5 Hz
and an amplitude P, =~ 990 Pa. Note that the frequency of the predicted self-sustained

oscillations remains, as expected, close to the first resonance frequency f = ¢q/(4L) ~159 Hz
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FIG. 9. Steady-state prediction from th %as,u‘rements of impedances Zjyqq(w) and Zyge(w, P, Q)

and comparison with the steady-stateamplitudes observed in experiments (diamond markers). (a)

Case of a quarter-wavelength th \aggustic prime-mover, where the load is a straight-duct of

length Lj;,qq = 20 cm ter 'na&%ly an'open end, and for three different values of the heat power
1

supply. (b) Case of a Malf- gth thermoacoustic prime-mover, where the load is a straight-

duct of length LlO/a{ = ‘5 cxyterminated by rigid plug, and for four different values of the heat

power supply. \

of a quanfer wavelength resonator of length L = Ljoqq + Ligc filled with air at 1 bar and at
room femper ué (co =~ 344m/s). The occurrence of self-sustained acoustic oscillations has
been_\ g\@i&afterwards, by connecting the load to the TAC, and applying the same heater
pawer t%the device. The amplitude of the acoustic pressure is P,, = 938 Pa at a frequency

7.1 Hz, as shown in Fig. 8 with a diamond marker. The predicted steady-state

~
essure amplitude and onset threshold is therefore close to the one observed in experiments.

Additional proof of concept experiments have been performed, where the amplitude of
heating, the position of the stack, or the load have been changed to check that the predictions

of steady-state remain close to the experimental observations. In Figs. 9, the impact of the
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Publishihfga Jing power supplied to the TAC is investigated for both cases of a load terminated with
an open end (a), or a load terminated with a rigid plug (b). The results show that the
predictions of acoustic pressure amplitude and frequency remain close to the ones observed
in experiments. Moreover, it is worth noting that the absence of thermoacoustic oscillations
can also be predicted, and confirmed by experiments: this is indeéd the case in Fig. 9(b)
for Q = 14.4 W, where the analysis does not lead to a possibilityfor impedance matching,
just because the heat power supplied is too low (the absence of thérmoacoustic oscillations
was also confirmed by experiments).

The discrepancies observed in Figs. 9 (a) and (b).betwgen the predicted steady-states
and the ones actually observed can be explained by several sources of errors. The most
important source of errors is probably the onef due_to ‘the experimental procedure used
to produce the mapping of Z;, as a function“ef (), w and P. The thermal inertia of the
system is indeed such that the measurements of Z;3 had to be made for a limited number
of frequencies, of heat power supply and of amplitudes of forcing, regarding that a latency
time of 300 s was required between two succegsive measurements. The quality of the sensor’s
calibration is also an important seurce ®f érror, which may impact significantly the predicted
steady-states : the determination of the admittances Y; o as functions of w has to be made
carefully through the two loads“ealibration procedure. We could check, however, that the
determination of the adndittanges Y 5 as functions of the amplitude of forcing is a less critical
aspect of the calibration, siuce removing this nonlinear calibration in the post-processing of
experimental datafleadg to small variations of the predicted steady-states (the variations of
P, were typically less than 1%). Tt is also worth pointing out that even if the quality of
measurementssheuld be further improved, there would still be some possible discrepancies
between $he predicted steady-states and the ones actually observed, because some sources
of souid"saturation may depend on whether the TAC is connected to the impedance sensor
or o am acoustical load : this might be the case, for instance, if acoustic streaming or free

convectidn should contribute significantly to the temperature distribution within the TAC.

IV, CONCLUSION

In this study, we have presented an experimental approach based on the measurements of

the input impedance of a thermoacoustic core at large amplitudes of acoustic forcing, from

22


http://dx.doi.org/10.1063/1.5040906

E I P | This manuscript was accepted by J. Appl. Phys. Click to see the version of record. |

PublishiwHich it is possible to predict the amplitude and the frequency of steady-state thermoacoustic
oscillations once this thermoacoustic core is connected to a load. The proof of concept of this
approach has been provided successfully for various configurations of engines, even though

small discrepancies between the experimental results and the prediction have been observed.

The new method described in this paper could find useful applications for the development
of high power thermoacoustic engines, as it provides a way to optimize the coupling between
a thermoacoustic core and its load. It is indeed worth remembering that the prediction of
the performances of thermoacoustic engines are often andoverestimate of the performances
actually reached once the engine is operational. This is duewo thefact that the design tools
have some known limitations related to the difficulty‘of desctibing accurately the operation
of such elements like the stack/regenerator or the heat éxchangers at large amplitudes of
acoustic oscillations. Therefore, the measurement of thednput impedance provides means to
characterize all of these elements as a whole at'an operational amplitude and the optimization
process then comes down to determinihg an“appropriate load that maximizes the overall

efficiency or the useful power.

The works described in this stddy alsg‘appeal for several perspectives which are described
below. The characterization @f theNoad, in terms of a (linear) input impedance could also
be extended to large amplitudes.“Chis“is not necessary for the loads employed in this study
(as far as the impact @f nomlipear propagation is negligible), but it might be important
for other loads like glectromagnetic alternators or bidirectional turbines employed for the
conversion of acomstical power into electrical power, or for other loads like thermoacoustic
heat-pumps (suppliediby a thermoacoustic engine). Another extension of this study would
be to measurethe transfer matrix of the thermoacoustic core for large amplitudes of acoustic
oscillatiohs: measuring an input impedance indeed has some limitations because one has to
connect the thermoacoustic core (a two-port network) with a rear load (a rigid plug was
used. in“ghis Study). It would therefore be interesting to develop an experimental set-up
enabling to measure the four elements of a transfer matrix (instead of an input impedance)
as<functions of the pressure and the velocity amplitudes at both ends of the thermoacoustic
coe: this would avoid consideration of a rear load (as done in this study), or from placing
the thermoacoustic core in a loop (as done for instance in ref.”’). Finally, it would be
interesting for future works to address the question of (prediction of) the stability of limit

cycles, because several experimental works have shown that the onset of thermoacoustic
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Publishipsgillations sometimes gives rise to complicated dynamics involving multiple stability™ and

hysteretic behaviors
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Appendix A: Computation of Z;,,.

In this appendix, the derivation of the equations gsed to“egmpute the input impedance
Ziae(w, @, P) are presented. For the sake of conciseness, and/because further details can be
found in ref.”" or elsewhere™” """ only the main prineiples of the calculation are provided
here. The system considered is the thermoacouStic dere presented in Fig. 10, which itself
is composed of three parts, namely the ffent duct,Ahe stack, and the thermal buffer tube
(TBT). The calculation of Z;,.(w, @, P)4g based on the linear thermoacoustic theory”’. The
stack has a porosity ¢ and is treated “as.a collection of adjacent parrallel channels having
an effective pore radius rg. Lineax propagation of plane pressure waves is assumed and the
boundary layer approximatiofi_is«alse used to write the continuity, the momentum, and the
energy equations averaged over thésgross-sectional area of each channel. The front duct and
the thermal buffer tube®are deseribed with the same equations, but they consist of a unique
channel with inner gadiug R;,sand a porosity of 1. Therefore, the lossy propagation of plane
waves in each part of the TAC is written as

dp  iwpy 1

dr '&?1—ﬁﬂ’ (A1)
du  1weS -
%__ ’YPO [1+(7_1)fn]p

+ fm_fu dT0i~ (AQ)

11— f)1—0)de Tp "
where p and u respectively stand for the complex amplitudes of acoustic pressure and volume
velocity, po(x), Po, and Ty(z) stand for the mean (time-averaged) density, the mean pressure
and the mean axial temperature, respectively, v is the specific heat ratio of the fluid, S =

mR?

+.. corresponds to the cross-sectional area of the TAC, 0 = v, /Koo is the Prandtl number

of the fluid (Vs and k4 are the kinematic viscosity and the thermal diffusivity of the fluid
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FIG. 10. Geometry of the problem considered for tl@)mp ion of the input impedance of the

thermoacoustic core Zyge = Pin/Uin. \

at room temperature Ty,), and ¢ is the\hxsﬁy of the element (¢ < 1 in the stack, and

¢ = 1 elsewhere). In Eqgs. (A1)-(A2); hﬁe. hermoacoustic process is described through

the thermoviscous functions f,. 3&&‘% hese functions depend on the shape and on the
dimensions of the channel. In W he characteristic time 7 = r2/2k, the function f,

(evaluated at room tem@ o) is given by”:
£ 4 .
/\ B 2 Ji[(1—0)Jwr (A3)

= T do (L= i) var]

V.,

for eagh cy drigél channel of radius ro, where .J,, is the Bessel function of order m. The

functien f, iseasily obtained from f,, just by replacing 7 with 7/0 in the equation above.
ﬁ

disf)rete version of these equations is used to solve the problem under consideration,
Ehﬁ ﬁcordingly with the notations introduced in Fig. 10, the acoustic propagation through
a'short portion of length Az, = z,.1 — x, (with Az, much shorter than the wavelength
2mc/w), is described from Eqs. (A1)-(A2) by means of a forward Euler finite-difference
scheme (i.e. setting (d§/dx) =~ ({41 — &n)/ Az, where £ either stands for p, @ or T') and is

written as follows:

25


http://dx.doi.org/10.1063/1.5040906

! I P | This manuscript was accepted by J. Appl. Phys. Click here to see the version of record.

Publishing
- N wppAx, 1
Pn+1 = Pn — p¢S 1— f Un, (A4)
. wopS Az, .
Unp4+1 = _T [1 + (’7 - 1)flin]pn

fﬁn - fun Tn-‘rl -
1-f,)1—-0) T,

where p,,, 4, and T, stand for the pressure, the volume velo@tyxs;i the mean temperature

+ |1+

(A5)

at position z = x,, where p, = psTw /T, stands for th 1sity at temperature T,
and where the variations of the viscothermal functions fmnn m(w, T,) with temperature,

due to the variations of v and k with T,,, are taken

to aﬁount using the empirical laws

U = Voo(Ty/Too)'*P and ki, = Koo (T /Too )+ (@ Be=
distribution is assigned and known for any po?i(ogx ‘gong the TAC, Eqgs. (A4)-(A5) can
t

77 for air’'). If the temperature

{ U

be solved to compute the spatial distribut'oi\ﬁkhe coustic field, and therefore to calculate
the input impedance of the TAC, Z;, :(x.,/?owever the temperature distribution is not
1

assigned here, and a heat power Q) is(s 1ed instead, at position x = x,,,. This leads to the
establishment of a temperature trl orﬁvhlch is controled by heat conduction and heat
leaks through lateral walls, and by hewthermoacoustic transport of heat through the stack

(which itself depends on the am and the spatial distribution of the acoustic field).
The equations descri 1ng“0%steady state temperature distribution through the stack are

therefore written as’Z
y.
/_ Tnfl - Tn Tn - Tn+1 Tn - Too

R, R Ry,
3 + QQ (ﬁn; an) - Q? (ﬁn—la an—l) (AG)

where Rth ndg/for the thermal resistance which accounts for both axial conduction and
acoustically @nhanced thermal conduction, where R, refers to the thermal resistance asso-
¢ tﬁe\d to transverse heat transport towards lateral walls, and where ()5 stands for the
CO onefit of thermoacoustic heat flux which does not depend on the axial temperature

d‘eﬂt Each of these terms is written as follows :

h Az
"= On D) S (A7)
1
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Publishiwg( re \s refers to the thermal conductivity of the stack, which is estimated as A\ = 0.6
W/m/K accordingly with previous works”’. The thermoacoustic functions g, and 'y, are

defined as in ref

off — fe
Gy = —Jvm —Jrn A9
T (49)
1 n ~
T, — PnCo S (Gp.) - (A10)

(¢5)? 2w(1 — 0?)

where the notation f* refers to the conjugate of the compléxnumber f, and where gp, is

defined as
~ f* - f/-c
I [l [ All
= T o) - ) -
An order of magnitude estimate of the thermal resistance
th L
Ry, = (A12)

latn ™ o R\, gt

can be obtained from the estimate of the heat“exchange coefficient h;,; which itself depends
on the geometry and the thermophysidal praperties of each element (e.g. see”>’”). In this
study, the heat exchange coefficient 4g«adjusted so that the model fits with experiments (as
described in Sect. IIT), leading o My = 70 W/m?/K, if x,, < = < z,, and to fyy =
10 W/mQ/K, it 0 <z <z, dra, < < x,,. The same equations as above are also used
to describe heat transport throughithe front duct and the thermal buffer tube, except that
the values of thermo-plfysical*parameters (e.g. thermal conductivity, density) are changed
accordingly with thefchangeéswef properties of the medium, and the thermoacoustic transport
of heat is neglectéd. The boundary conditions at the interfaces between each part of the
TAC are writi€n to engure the continuity of the temperature and of the axial heat flux at
position z # 2y, ‘while the effect of heating at position x = x,,, is written as

TN2 - TN2—1 TN2+1 - TN2
th th
Ry, Ry,

Q= (A13)

where Rffz — % is thermal resistance associated to the axial heat conduction through
thie thermal buffer tube, and where \,, refers to the thermal conductivity of the fluid at
pesition r = x,,, which itself depends on temperature through the empirical relation A,, =
Na(Th,/Too)?, and where Ay, = 2.26 W/m/K is the thermal conductivity of air at room
temperature 7T.

The equations describing the steady-state temperature field as a function of the heat

supply and of both classical and acoustically induced thermal diffusion are coupled to the
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PubliShi'ﬂgl ations describing the propagation of acoustic waves through the TAC. This leads to a

nonlinear system of equations which is solved numerically. If the angular frequency of acous-
tic oscillations and the amplitude P of acoustic pressure at position x = z,, are imposed,
then it is therefore possible to calculate the input impedance of the TAC, Z;,.(w, P, @), for
any value of the heat power () supplied to the TAC.
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