aBKTHB}2/ ++QmMi Q7 _ VvH2B;? bi 2 KBM
/[2b+ " BTiBQM Q7 MQMHBM2 " T Q+2bb2b H2 /
bQmM/ BM i?2°'KQ +QmbiB+ 2M;BM2I

'mMBHH mK2 S2M2H2i-J ii?B2m :md/ - 0oBi HvB 1X :m

hQ +Bi2 i?Bb p2 " bBQM,

'mBHH mK2 S2M2H2i- J ii?B2m :mQ/ - oBi HvB 1X :mbb2p- h?B# mi .:
_VH2B;? bi’2 KBM; 7Q  i?2 /2b+ BTiBQM Q7 MQMHBM2 "~ T'Q+2bb2b H
KQ +QmbiB+ 2M;BM2bX AMi2"M iBQM HCQm M H Q7 >2 i M/ J bb h’
TTXey9k@ey8jX RyXRyRefDXBD?2 iK bbi® Mb72 XkyRkXyeXyR8 X ?

> G A/, 2 H@yky8djNN
2iiTbh,ff? HO@mMMBp@H2K MbX "+?Bp2b@Qmp2 i2bX7
am#KBii2/ QM 8 J * kyRN

> G Bb KmHiB@/Bb+BTHBM v GOT24WB p2 Dmbp2 "i2 THm B/BbBIBTHBN
"+?Bp2 7Q i?72 /2TQbBi M/ /Bbb2KIBEBMBR MNQ@T™+B2® " H /BzmbBQM /2 /
2MiB}+ "2b2 "+?2 /Q+mK2Mib- r?2i?@+B2MMiB}2mM2b#/@ MBp2 m "2+?22 +?22- T
HBb?2/ Q° MQiX h?2 /IQ+mK2Mib MK VW+RK2Z2EF IQKHBbb2K2Mib /62Mb2B;M
i2 +?BM; M/ "2b2 "+? BMbiBimiBQWER BM?8 7M#M2I @b Qm (i~ M;2 b- /2b H
#Q /-Q 7 QK Tm#HB+ Q T ' Bp i2T2HRAB+B @2MT2BIpXib X



Simpli ed account of Rayleigh streaming for the descriptio n of
nonlinear processes leading to steady state sound in

thermoacoustic engines.

G. Peneletl: M. Guedra! V. Gusev2 and T. Devaux

!Laboratoire d'Acoustique de I'Universie du Maine,
UMR CNRS 6613, Avenue Olivier Messiaen,
72085 Le Mans Cedex 9, FRANCE
2Institut des Mokcules et Maeriaux du Mans,
UMR CNRS 6283, Avenue Olivier Messiaen,
72085 Le Mans Cedex 9, FRANCE
(Dated: June 4, 2012)

Abstract

This paper focuses on the transient regime of wave amplitudeggrowth and stabilization occur-
ing in a standing wave thermoacoustic engine. Experiments i@ performed on a simple apparatus
consisting of an open ended thermoacoustic oscillator wittatmospheric air as working uid. The
results show that, even in that simple device, the transientregime leading to steady state sound
exhibits complicated dynamics, like the systematic overshot of wave amplitude before its nal
stabilization, and the spontaneous and periodic switch onb of the thermoacoustic instability
at constant heat power supply. A simpli ed model is then presented which describes wave am-
plitude growth from the coupled equations describing thernpbacoustic ampli cation and unsteady
heat transfer. In this model, the assumption of a one-dimeni®nal and exponential temperature
pro le is retained and the equations describing heat transér through the thermoacoustic core are
substantially simpli ed into a set of ordinary di erential equations. These equations include the
description of two processes saturating wave amplitude gneth, i.e. thermoacoustic heat pumping
and heat convection by acoustic streaming. It is notably shavn that accounting for the e ect of

acoustic streaming allows to reproduce qualitatively the @ershoot process.
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. INTRODUCTION

Thermoacoustic engines belong to a type of heat engines iniah the application of
a temperature gradient along an open-cell porous medium pked inside an acoustic res-
onator results in the onset of large amplitude self-sustaaa acoustic waves. These kind of
engines have been studied for about three decades, but sommates still devoted to the
description of their operation. The well-established lirex (or weakly nonlinear) theory of
thermoacoustics [1, 2] is largely used for the design of higlower (typically up to a few
kilowatts) thermoacoustic engines, and for the predictionf their performances with reason-
able accuracy [3]. However, one can nd in the litterature sne experimental evidences of
complicated e ects during the transient regime of wave amjude growth, which cannot be
predicted by a steady-state theory. For example, the existee of a hysteretic loop in the
onset and damping of the engine has been reported in both sthng wave [4] or traveling
wave devices [5]; complicated dynamics of the acoustic distions have also been reported
in various devices, like the periodic switch on/o of thermacoustic instability [6{9], the
\double-threshold e ect" [10] or the \ sh-bone like instability” [11]. All of these e ects
indicate that thermoacoustic engines can operate as muliable systems, and also that such
complicated dynamical behaviors are due to the existence dferent time scales in the
process of wave amplitude saturation. That is the reason whpe development of adequate
simulation tools is still needed to describe the evolutionfacoustic wave amplitude after
the onset of thermoacoustic instability. On the one hand, déct numerical simulation [12{
15] seems to be the only way to reproduce quantitatively theexts mentioned above, but
it is still limited by large computation times inherent to the complicated physics and the
multiple time and space scales involved in the descriptionf hermoacoustic engines. On
the other hand, analytical models are often based on substail approximations, but one
can be motivated by the development of some phenomenolodiegaproach aiming at repro-
ducing qualitatively the experiments in order to get deepeunderstanding of the operation

of thermoacoustic engines.

Di erent approaches have been presented concerning the dytacal description of the
transient regime. Karpov et al. [16] proposed a time-domaidescription of the evolution
of thermoacoustic instability combined with a multiple time scales method to calculate

the initial wave amplitude growth and its saturation due to Hgher harmonics generation
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in the case of a standing wave engine with a xed temperaturergdient. De Waele [17]
presented a simpli ed model based on the lumped element deaption of thermoacoustic
engines, and he performed calculations of the transient iege in a so-called travelling wave
thermoacoustic Stirling engine [18], in which the e ect saftrating the wave amplitude growth
is the cooling e ect due to acoustic oscillations in the thenoacoustic core. Penelet et al.
[9, 19] developped a theoretical model of an annular thermmaustic engine, in which the
equation characterizing the variation of acoustic pressaramplitude is combined with the
equations describing unsteady heat transfer through the émmoacoustic core. They took
into account the in uence of various nonlinear e ects such@aminor losses at the edges of the
stack, higher harmonics generation, heat pumping by acoustvaves, and heat convection by
the so-called Gedeon streaming [20]. It is worth noting thadnly a few papers[9, 13, 14, 19]
provide direct comparisons of calculated transient regimnsewith experimental data, and to
our knowledge, most of the complicated e ects mentioned ab® cannot be reproduced by
the models, even for the simplest thermoacoustic oscillagowhich can be built, like the
Sondhaus tube or the so-called thermoacoustic laser[21].

In this paper, our objective is to provide a simplied model & a standing wave ther-
moacoustic oscillator, keeping in mind our objective to capre some of the complicated
dynamical behaviors observed in experiments. The main agpdimations retained in the
model concern the description of heat transfer through thehermoacoustic core, but some
important e ects involving the mutual in uence of acoustic and temperature elds are taken
into account. In particular, the heat convected by Rayleigtstreaming can be included (with
great simpli cation) in the model. In section Il the experimental apparatus is described,
and typical transient regimes of wave amplitude growth arerngsented. In section lll, the
theoretical model is presented, while section IV providemparisons between experiments

and theory.

1. EXPERIMENTS

The system under study is a basic thermoacoustic standing waengine, which is quite
easy to build [21] and often used as a demonstration apparatdor graduate students. A
photograph of this thermoacoustic oscillator is presenteth Fig. 1. It consists of a glass

tube (length L=49 cm, inner radiusr;=26 mm, outer radius r=30 mm) open to free space
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at one end, and closed by a rigid piston at the other end. The @ of the engine, i.e. the
stack, is an open cell porous cylinder (radius;, length ds = 48 mm) which is inserted
into the waveguide. This stack is made up of a 600 CPSI (CellePSquare Inch) ceramic
catalyst with multiple square channels of sectiom a = 0:45mm  0:45mm [see Fig 1
(b)]. In this device, imposing a large temperature gradienalong the stack leads to the
onset of self-sustained acoustic waves oscillating at theequencyf of the most unstable
acoustic mode (generallyf Cco=(4L) where ¢, stands for the adiabatic sound speed at
room temperature T; ). Heat is supplied to one side of the stack using an electricheat
resistance wire (Nichrome wire, 36 cm in length, 0.25 mm in alneter) regularly coiled
through the stack end [see Fig. 1 (b)], and connected to a DCeelrical power supply (MCP
Lab Electronics, model M10-TP-305-C). The only instrumeration of the thermoacoustic
oscillator is a 4 inch condenser microphone (model GRAS type 40BP) ush moted
through the rigid piston. Data acquisition is realized withthe standard soundcard of a

portable computer.

A schematic drawing of the apparatus, comprising the de nibn of an appropriate system
of coordinates, is presented in Fig. 2. The rst step in studyg this device consists in
determining the heat power supplyQonset Which is necessary to initiate self-sustained acoustic
waves. This critical value Qqnset Of heat supply depends on the positiorxs of the stack
along the waveguide, and the corresponding stability curves presented in Fig. 3. The
experimental protocol used to obtainQqnset - Or Mmore precisely the range of heat power
Q comprising Qgnset - IN function of xg is as follows: (1) x a position xg of the stack,
without heating ; (2) apply an electrical current increment | = 0:1A; (3) wait for 10
minutes (stabilization of the thermal eld); (4) repeat steps (2) and (3) until the onset of
thermoacoustic instability. As shown in Fig. 3, there exig an optimum position of the
stack, xs 35cm, corresponding to the loweiQonset. NOte that a theoretical stability curve

is also presented in Fig. 3, which will be discussed in sectitV.

Once the stability curve is determined, it is then possiblea measure the evolution of
wave amplitude growth. For each of the measurements presedtin the following, the
heat power supply is preliminarily set to a valueQq slightly below Qgnset- A small  Q
increment on heat power supply is then su cient for the acousc wave to be generated in
the device at a frequency Co=(4L) (i.e. the frequency of the rst mode of the empty

resonator). Typical transient regimes of wave amplitude gmwth are presented in Figs. 4
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and 5, for various increments of heat supply Q, and for two positions of the stack along
the waveguide. Figure 4 shows the transient and steady stateaveform of acoustic pressure
p(L;t), for dierent values of Q, and when the stack is placed at positiorxs = 36:5 cm
(i.e. nextto the closed end of the resonator). The results etv that there exists a systematic
overshoot of wave amplitude growth before its nal stabiliation, and that the higher the
increment Q is, the faster will be reached stabilization. Figure 5 showthe measured
transient regimes when the stack is placed at positiors = 26:5 cm. In that case, the
evolution with time of acoustic pressure amplitude exhib& more complicated dynamics: at
moderate increments Q of heat power above its initial valueQq, the system turns on and
0 spontaneously and almost periodically. Also, the switchon/o period decreases when
Q increases, so that after some critical value Q, of the heat increment, the acoustic wave
nally stabilizes to a nite value (0:16Qp < Q.  0:24Q, if Xs = 26:5 cm, as depicted in
Fig. 5). As mentioned before, similar switch on/o processe have already been reported
in the litterature concerning both standing wave [6, 7] or tavelling wave engines [8, 9].
Moreover, some of these papers [7{9] also report that the dwton of acoustic pressure
amplitude is accompanied by signi cant variations of the teperature eld in the stack and
in the thermal bu er tube (i.e. the region of the waveguide whkre the temperature eld is
heterogeneous). So, it seems to be clearly admitted that $uan e ect is mostly due to the
reverse in uence of the acoustic eld on the temperature a (heat pumping by acoustic
waves, acoustic streaming). We performed several measuests of the transient regimes for
di erent positions of the stack, and we found that the closers the stack from the open end
of the resonator, the higher is the critical heat power increent Q... Moreover, we did not
observe any switch on/o process when the stack positiors is higher than xs = 31:5 cm
(note however that this process might have happened if we haded lower Q increments).
The observation of the switch on/o process thus depends orhé stack position along the

waveguide.



1. THEORY
A. Thermoacoustic ampli cation

In the device under consideration, the frequency and amptation rate of self-sustained
acoustic waves depend on the geometry of the device and on thgatial distribution of
the temperature eld. If the instantaneous temperature el T(x;t) is known, one can
compute both the instantaneous thermoacoustic ampli catin rate amp [T (X;t)] and the
corresponding onset angular frequency T(x;t)], provided that the assumption of a quasi-
steady state, ;mp << , can be retained. In this paper, we derive the essential spes of the
calculations without details: this problem has been treatkrecently [22] in a more general
situation. Assuming that harmonic plane waves are propagiag along the duct, the acoustic

pressurep(x;t) and acoustic volume velocityu(x; t) are written in the following form:
(x;t)=< xe" ; (1)

wherej? = 1, may be eitherpor u, ~denotes the complex amplitude of, < () denotes the
real part of a complex number, and stands for the angular frequency of acoustic oscillations.
The thermoacoustic device is then separated into two parts,e. the thermoacoustic core
comprising both the stack and the waveguide region where t@@rature is inhomogeneous
(x 2 [Xs ds;L], see Fig. 2), and the cold part of the waveguidex(2 [0; Xs ds]) where the
uid is assumed to be at room temperaturel; . The propagation of acoustic waves through
the thermoacoustic core can be described on the whole by arpastical two-port relating

the complex amplitudes of acoustic pressure and volume veily at both sides:
0 1 0 1 0 1

@p(L)A:@ PP pU A @p(xs dS)A; )
tH(L) up t(Xs  ds)

where the coe cients j depend on the geometrical and thermophysical properties tife
components, on the temperature distributionT (x) and on the angular frequency! . The
determination of the coe cients j requires to describe acoustic propagation in both the
thermal buer tube (x 2 [Xs;L]) and the stack k 2 [xs ds;Xs]), in the presence of
an inhomogeneous temperature eld. This problem has been d@ssed by Rott [1] who
established the wave equation associated to this problem.de Eq. (54) in ref. [2]). This

wave equation is here transformed into an integral Volterraquation of the second kind [23],
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which allows to compute the coe cients (! ) for a xed temperature distribution T(X).
The details of derivation are not provided in this paper dued a need of conciseness, but the
reader can report to ref. [24], where both the solving procesnd the explicit expression of
the transfer matrix (Eq. 19 in ref [24]) are provided. Note a&o that in the remaining of the
paper, the stack which actually consists of multiple squarehannels of geometrical radius
a=2 is assumed equivalent to a stack of multiple cylindrical emnels with the same radius
rs = a=2 (the cylindrical channel is formally more easy to treat tha the square channel).
Then, neglecting sound radiation at the open end of the resator (p(x = 0) = 0 ), the lossy
propagation of acoustic waves in the remaining of the waveilge (x 2 [0;xs ds]) is taken
into account by the re ected impedance

_B(xs ds) _ . )
Zs= m = jZctan(k(Xs ds)); (3)

wherek is the complex wavenumber de ned as

o1+ ( 1f P
« 17 (4)

and whereZ. is the characteristic impedance of the lossy duct, de ned as

k =

Zo= 2Ma+( v ©)

In Egs. (4) and (5), ¢ and stand for the density and the specic heat ratio of uid,

respectively, and the functiond andf , de ned as

_ 2ri J1 (1+ |)T
S g, 1+ i)

(6)

are the well-known functions [2, 25] which characterize theiscous and thermal coupling
between the oscillating uid and the waveguide wallsJ, is the n" order Bessel function of
the rst kind; = P 2:=(¢')and = P 2 ¢=! are the viscous and thermal boundary
layer thicknesses, respectively ;; and ; stand for dynamic viscosity and thermal di usivity

of uid at room temperature T, , respectively). Combining Eqgs. (2) and (3) with the

boundary condition u{L) = 0 (rigid termination) leads to the characteristic equation
G T (x)] = Zs uwp T w =0; (7)

which must be satis ed. Because Egs. (2) and (3) are derived the frequency domain, Eq.

(7) should only be satis ed at threshold of thermoacoustimistability (i.e. the only situation
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for which a steady-state solution is possible for the acousteld, in the absence of nonlinear
saturating processes), but as it is discussed in detail infrg22], one may use Eq. (7) to solve
the unsteady problem of wave amplitude growth. This is reaed by allowing the angular
frequency! to have an imaginary part gmp, i.e. ! = + | amp, Which means that acoustic
pressure is being ampli ed (amp > 0) or attenuated ( ampi < 0). This assumption enables
to satisfy Eq. (7) even if the instantaneous temperature el T (x;t) does not allow to satisfy
the marginal stability condition. Therefore, if the instartaneous temperature eld T (x;t)
is known at time t, Eq. (7) can be solved using conventional numerical methodts order
to obtain both the instantaneous thermoacoustic ampli caion rate mp [T (X;t)] and the
corresponding angular frequency T (x;t)] of acoustic oscillations[22]. Note however that
the solving approach described above requires to assumettiize system is under quasi-
steady state, which means that at the time scale of an acoustperiod, the variations of
the temperature eld are negligible while those of the wavenraplitude are not signi cant
( ampi << ). Finally, once the instantaneous thermoacoustic ampli cation rate amp IS
known, it is quite direct from Eqg. (1) that the time variations of the peak amplitude
of acoustic pressure, and in particular the peak pressuR(t) at position x = L where the
microphone is ush-mounted, are described with the followig ordinary di erential equation:

dP

B. Unsteady heat transfer

The main simpli cation of the model presented in this paper ancerns the description of
unsteady heat transfer through the thermoacoustic core. Agally, this description of heat
transfer is so much simpli ed in the following that one cannbexpect, at best, anything
else than qualitative agreement between experiments andebry. It is rst considered here
that the glass tube is a perfect thermal reservoir: its tempature is assumed to be constant
at room temperature T; (even if heat is absorbed from the inside of the tube). It is ab
considered that the thermophysical properties (density,dat capacity, thermal conductivity)
of the stack walls and of the uid do not depend on temperaturéexcept in section 11D 1
where the velocity of acoustic streaming is estimated). Meover, the stack, which consist of
both solid walls and air, is treated as a homogeneous mediurhdensity s, thermal conduc-

tivity s and heat capacityCy (these average thermophysical properties are calculatewiin
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those of both ceramic and air, see Tab.l). Finally, the tempature eld inside the tube is
assumed to be axisymetric, and the equations describing hé@nsfer in the thermoacoustic

core are written as follows:

@Txt) . @T(xt) T(xt) Ti,

X Xs; ot " @x 5 : (9a)
L@Txt) . @T(xt) Txt) To|
X Xs) @t f @x ; : (9b)

In Egs. (9), T(x;t) refers to the unsteady cross-sectional average tempereguinside the

tube at position x, and < stand for the thermal di usivities of the stack (subscript \s")

and of the uid in the waveguide (subscript \f"). The last terms on the right-hand-side of
Egs. (9) describe heat transfer between the inside of the duand its surrounding walls.

The phenomenological coe cients s are obtained from empirical correlations which can
be found in heat transfer textbooks [26]. While obtaining th analytical expression of the
parameter ¢ is quite direct, the derivation of ¢ is less direct, but the details are given in
the appendix of ref. [19]. The numerical values of the thermpbysical parameters mentioned
above are summarized in Tab.l. Then, the external thermal éion due to the heat power
Q(t) dissipated in the Nichrome wire is taken into account throgh the following boundary

condition:

s@T(gsx; t) f@T(:;;X; t_ Qr(tiz); (10)

describing the continuity of heat ux at the hot side of the stck, where ¢ and ; stand for
the thermal conductivities of the stack and the uid, respetively. In addition to the sim-
pli cations mentioned above, it is also assumed that the spial distribution of the thermal
eld is exponential. More precisely, introducing the spaceariable z = x  Xxs, we seek a

solution in the form:

z OT(z;t) To + T(t)e=O; (11a)
z OT(z:t) Ty + T(t)e &h:; (11b)

where T(t)= T(z=0;t) T, ,and where the variableds(t) and I; (t) are typical lengths

which are representative of the actual temperature distriltion and its variations with time.
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Then, introducing these solutions in Egs. (9) leads to the lowing equations:

d T z dls T T
d T z _dk T T

Therefore, the assumption of a time varying exponential teperature pro le in Egs. (11)
implies that the parameters characterizing the spatial dtsbution of temperature (I, |,
T) do not depend on the space variable, but the the problem still depends orz in Egs.
(12). Carrying on in our will to give priority to simplicity at the expense of rigour, the
space variablez is thus replaced in Egs. (12a) and (12b) by its characterigtivalues |5(t)
and I (1), respectively. This means that it is considered that the t@perature variations at
positionsz = |s and z = |; are representative of the global temperature eld. Finally
accounting for this new assumption, and reporting also Eqqg11a) and (11b) in Eqg. (10),

the description of unsteady heat transfer reduces to the foling set of equations:

s d T dls_ s s
gt +—t_E ~ (13a)
kd T dk _ ¢ I
Ta Td (13D)
s, - Q.
E+F T= r7 (13c)

The combination of Eqs. (13a - 13c) with Eqg. (8) allows to desbe the initial start-up
of self-sustained acoustic waves when the device is submittto the external heat input
Q(t). However, the equations mentioned above would describeethnde nite growth of
wave amplitude (as soon a® > Q onset) if the nonlinear e ects saturating the ampli cation
process are not taken into account. In the following, two praesses are considered to describe
the stabilization of acoustic amplitude, i.e. the thermoagustic heat ux due to acoustic
oscillations along the stack, and the heat convection by agstic streaming. Note that there
exists additional mechanisms which may play a role in the satation of wave amplitude
growth, like the dissipation of acoustic energy due to geoineal singularities at the edges of
the stack and at the open end of the resonator[27], or like nlomear propagation in the open-
ended tube [28]. Those processes are voluntarily ignoredtims study, because attention is

focused on the e ects involving heat transport induced by lgih amplitude acoustic waves.

10



Geometrical properties

Length of the resonator L =0:49m
Internal radius of the resonator ri=2:6cm
Length of the stack ds =4:8cm
E ective radius of one stack pore rs =0:45mm
Thickness of stack walls e=0:17mm
Stack porosity = %Z =0 :7075

Thermophysical properties
Volumetric heat capacity Thermal conductivity Dynamic vis cosity
Fluid ¢Cf =1:2 1003IJm 3K 1 =2:26102Wm K ! {=1:8410°Pas
Cordierite (C.=2600 1465Jm 3K ! .=3wm K 1! -

Stack sCs = fCr +(1 ) Cc s= £ +(1 ) ¢ -
Heat exchange with resonator walls
; . _ 124G _Qq-
Fluid/resonator¥Y: ¢ = 366 ¢ =8:29s
sCsr2In(2 :
Stack/resonator?: ¢ = =@ et Tt s =288:2s

Y see Eqg. (A.3) in ref.[19]

Z see Eq. (A.12) in ref.[19]

TABLE I. Geometrical and thermophysical properties of the elements constituting the apparatus.
Note that the thermophysical properties of the uid and the stack material are given at 300 K.
These parameters are assumed constant in the model, except section IID1 for ;, ; and
when estimating the velocity of acoustic streaming (¢ / T 1, while {/ T and ;/ T , with

= 0:77 [32)).

C. Thermoacoustic heat ux.

In any kind of thermodynamic heat engine, the production of ark induces heat transfer
from a hot source to a cold sink. This is also the case in thermcoustic engines, in which
the production of acoustic work is accompanied by acoustiba induced heat transport
[2], with subsequent reduction of the externally imposed teperature gradient. Under the
circumstance where a steep temperature gradient is appliedong the stack, it is worth

noting that this thermoacoustic heat ux is approximately proportional to the temperature
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gradient dy T, so that, in the frame of the short stack approximation ds << 4L), the heat
pumping by acoustic waves can be described by an e ective timeal conductivity [ref. [29],
Eq. (9)] as follows:
I
i Cs f ) f © < u 2(Xs; t) >

o= L= — 5 (14)

whereC; and stand for the isobaric heat capacity and the Prandtl numberfouid, < >
denotes time averaging over an acoustic period, and wher¢: : :) stands for the imaginary
of a complex number. The functiond ) and f © are the functions characterizing viscous
and thermal coupling between the oscillating uid and the sick walls and they are obtained
from Eq. (6) in which r; is replaced by the pore radiuss. The expression of the acoustically
enhanced thermal conductivity .. can be further simpli ed by assuming that the acoustic
eld roughly corresponds to a pure standing wave oscillatm at frequencyfo = ¢=(4L), so

that the spatial distribution u(x;t) of acoustic volume velocity can be written

r 2P (t)
f

u(x;t) coskox) sin( ot); (15)

wherekg = =(2L), o = co=2L), and where P (t) refers to the (slowly varying) peak
amplitude of acoustic pressure at the closed end of the resdor (note that the actual
spatial distribution of the acoustic eld is not that of a perfect standing wave, because of
thermo-viscous losses and sound scattering by the thermoastic core). This leads to the

following expression

!
1 Cf _ f (s) f (s)
ac 2 ‘ 0(%_ 2 1

cog(koxs)P?=  P? (16)

of the acoustically enhanced thermal conductivity, whichan be included in Egs. (13c) and
(13a) in the form of an additional term. Finally, the equations describing unsteady heat
transfer, thermoacoustic ampli cation and heat pumping byacoustic waves are written as

follows:
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b d T dls_ s+ P2 g

AT i e (e
2
R P . Lot r%; (17¢)
S —y 3 (a7
where = = Cs), and where Cs stand for the average volumetric heat capacity of

the stack (see. Tab I).

This set of equations can be transformed into a system of ondiry di erential equations
describing the evolutions of the parameters T, I, I; and P for appropriate initial conditions
and for some external actionQ(t) on the system. It is however possible to include the

additional process of heat convection by acoustic streanginas will be discussed in the
following.

D. Acoustic streaming

Acoustic streaming refers to the steady mass ow induced byidge amplitude acoustic
oscillations [30]. This unavoidable nonlinear e ect may belue for instance to Reynolds
stresses inside viscous boundary layers, or to the di eremén minor loss phenomenon in a
di erentially heated stack [31]. Acoustic streaming is disarded in many applications involv-
ing acoustics, but it is now well-established that it must beconsidered in thermoacoustics,
because it convects heat and tends to reduce the temperatugeadient imposed along the
stack. When considering acoustic streaming excitation irhermoacoustic engines, it is quite
usual to dissociate two classes of streaming (though the tvatasses may owe their origin
from the same nonlinear e ects). The rst class of streamingi.e. the so-called Gedeon
streaming [20], is driven in thermoacoustic Stirling eng#s containing a closed loop path for
the acoustic wave propagation: this is a directional streaimg accompanying wave propaga-
tion and carrying a non-zero mass ow through each cross-sen of the loop. In most of the
one dimensional models describing thermoacoustic enginiss possible to account for the
heat convection due to Gedeon streaming (e.g. in the freelyadlable software Delta-ECJ[3]

or in ref.[9]) and, in practical engines, this directional rass ow can be cancelled using a
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membrane or a jet pump. The second class of streaming, i.e.etRayleigh streaming, is the
classical boundary layer driven streaming excited at largacoustic amplitudes in resonant
gas columns: unlike Gedeon streaming, it is characterizeg large vortex cells which do not
carry any mass Ow across the resonator's cross-sectiore(i.the mean mass ow rate is zero).
The spatial distribution of Rayleigh streaming can be obtaied from classical theories using
perturbation expansions (e.g. in ref. [32]) but because i iby nature three-dimensional, it
is di cult to quantify the heat it convects when the basic modeling of the thermoacoustic
device is one-dimensional. Moreover, it is dicult to canckthis streaming, though one

can diminish its amplitude by tapering the waveguide [33]. nl the following, a simpli ed

approach is presented which attempts to estimate the in uete of Rayleigh streaming in the

operation of a standing wave thermoacoustic engine.

1. Spatial distribution of acoustic streaming at threshold

Before trying to consider acoustic streaming in the equatis governing heat transfer in
the thermoacoustic core, it is useful to evaluate its magnitle and its spatial distribution in
the present device. This can be done from the analytical molddevelopped by Bailliet et al.
[32], which allows to calculate both the velocity of acoustistreaming and the second order
mass ux in closed (as opposed to closed-loop) thermoacogstievices, in the frame of a
weakly nonlinear theory where successive approximationsethods can be used. To do this,
we use the protocol described in the following. At rst, the gometrical and thermophysical
parameters of the thermoacoustic device are xed according Tab. I. Then, the steady state
temperature eld T(x) is computed for a xed heat power supplyQo in the absence of sound :

this is quite direct by settingP = 0 and % =0in Egs. (17), which leads tols = Ig, = P s s

s = lg, = pﬁ and T = To=(Qolt,ls,)=[(r 2)( sl, + ¢ls,)]. Then, assuming that
the peak pressure amplitudé® at the closed end of the resonator equals 1 Pa, the equations
describing linear acoustic propagation through the devicare solved to obtain the spatial
distribution of the rst order acoustic variables (pressue, density, temperature, axial and
transverse particle velocities), which themselves are wkas input parameters to compute the
second order time-averaged streaming mass aw. More precisely, the spatial distribution

of the axial streaming velocity in a cylindrical tube (the resonator or one stack channel) is

computed from Eg. (16) in ref. [32], and the resulting spatladistribution m(x;r) of the

14



rate at which mass ows along the axial direction is obtainedising Eg. (11) in the same
reference. Note that in the following evaluations afn,_the heat power supplyQo is xed to
the xs-dependent valueQqnset(Xs) in order that the calculated thermoacoustic ampli cation
coecient .mp( T;ls;lf) equals zero (this corresponds to the threshold of thermaaastic
instability for the considered positionxs of the stack). The calculated streaming mass ow
m(x;r) is presented in Fig. 6, wherxs is xed to Xs =26:5cm and Qg t0 Qg = Qonset(Xs) =
20:17W : it is presented in function of both axial and transverse cadinates, in the stack
region [Fig. 6(a)] and in the waveguide region [Fig. 6(b)]. fie results show that the average
magnitude ofm is of the same order of magnitude in both the stack and the wayeide, i.e.
around 10 8kg:m 2:s * whenP =1 Pa. The results also show that the mass ux along the
centerline of one stack pore goes rightwards while that algrihe centerline of the waveguide
goes leftwards. Note also that in both cases the direction ofiass ow reverses around
I ris :p 2. It is however worth noting that the calculated second ordeaxial mass ow is
not realistic near the stack/waveguide interface, becauske stack pore or the waveguide are
both treated as isolated systems. In other words, there etdgscomplicated hydrodynamical
edges e ects due to the geometrical singularity at positiom = xg which impact both the
oscillating and the steady ows, but which are not taken intoaccount here. Recent LDV
measurements performed by Moreau et al. [34] indicate thahé¢ presence of a stack in the
waveguide induces new streaming vortices in the vicinity dfie stack ends. This means that
heat transport by acoustic streaming in the vicinity of the tack should be very complex. In
that context, the authors easily admit that the derivation presented in the following, which
attempts to account for heat transport by acoustic streamig in the standing wave engine,

should be considered cautiously.

2. Simplistic account of acoustic streaming

a. Separation of inner and outer zones. As depicted in Fig. 6, the velocity of acoustic
streaming is multidimensional. Therefore, it seems ardusudo account for the heat convected
by acoustic streaming in the one-dimensional model desceithin section 111 B, unless putting
up with a simplistic approach. In our attempt to include the eect of acoustic streaming, the
actual spatial distribution of the streaming velocity in the waveguide needs to be signi cantly

simpli ed, and a schematic drawing of the retained assumpins is presented in Fig. 7. In
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order to reproduce the vortex cell structure of acoustic saming without considering the
details of its spatial distribution, we separate the wavegde cross-section between an inner
zone ¢ 2 [O; ri:IO 2]) where the streaming mass ow is directed leftwards, andnaouter
zone f 2 [ri=IO 2;1;]) where it is directed rightwards [Fig. 7(b)]. The variatims with axial
coordinate of the streaming velocity are also discarded: lgrthe \characteristic" values at
positionsz = |, and z = |, are considered (this assumption is consistent with the one
used in the transition from Egs. (12) to Eqgs. (13)). Moreoverthe transverse variations ofn_
are ignored: the assumption of an uniform ow is retained in tth inner and outer zones and
the corresponding mass ow rates are calculated from theira@ss-sectional averaged values

i _ 22 Rz © _ 22 Ry .
m;’ = =% M(ly,; r):rdr and m™ = =5 ri=|D§rn(IWO;r):rdr. The same assumptions
are also retained inside the stack pores of radiug : each pore is separated into an inner
zone where the streaming mass ow ratméﬂ is directed rightwards and an outer zone where

the streaming mass ow ratem_éo) is directed leftwards. Therefore, since the total mass ux

across the section of the waveguide equals zero, and since shrface area of the inner zone

equals that of the corresponding outer zone ¢ 4=2= (r% rZ=2) ), the counter owing
mass ow rates have the same magnitudem® = m{ = m; andm{’ = m{® = m,,
with
Z .
_ 2 - Cvirde = p2.
My = —  JMXs + lyg;r)jrdr = g P% (18a)
r? o
2 f's .
ms= 5 jmxs lsinjrdr= §P3 (18b)
s 0
wherem(l,,; r) and m(ls,; r) are the transverse distribution of the mass ow rate at posions

Xs+ ly, and xs |g, calculated from the theoretical model of Bailliet et al.[3R In Egs. (18)
the quadratic dependance o with P is obvious because it is calculated from the time

average of the products of rst order (acoustic) quantitiesand the parameters gf,) and

gr), which depend on the stack positiorks and on the temperature distribution, simply

correspond to the results of calculation fom;_and mg when a peak amplitude of acoustic

pressureP = 1 Pais assigned at positiorx = L. In the following, these parameters are

computed for various stack positions with their correspondg temperature distribution at

threshold. In particular, at position x; = 26:5cm, we get & 1:210 8kg®m “s 5 and
g) 4:410 °kg®m “s 5, and at position xs = 36:5cm (with the corresponding Qonset

1447W) we get &) 5610 °kg®m 4s Sand () 2510 °kg®m “s S.
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Another important point concerns the time delay for strearmg establishment, which may
be important when investigating the dynamics of wave amplitde saturation. It is worth
noting that the estimate of streaming velocity mentioned abve is valid in steady state,
while the stabilization of acoustic streaming after switcdimg on the acoustic eld is not
instantaneous. The rough estimate = ;D?=( ; 2) of the characteristic time of streaming
establishment was given by Amari et al. [35], where; is the dynamic viscosity of uid
and D is the diameter of the channel. Then one can evaluate the cla&teristic times ¢t of
streaming establishment in one stack pore and in the waveglei, respectively, which leads
to s 510°%sand ; 17:9s. Clearly, the time delay for streaming establishment can be
neglected in the stack, but should be taken into account in #waveguide.

From the assumptions described above, it is nally possibl® include acoustic streaming
in the equations describing unsteady heat transfer in the #rmoacoustic core, Eqs. (9) ,

which leads to:

) ) M T
Xs;% m;ff@@-px ) f@@rﬁ Tf A
) ) © T
X Xs;%+ ml:@ér; - f@g% Tf (%)
ms= §P? (19€)
dmg | m _ {2 (19f)

dt f f

whereT®(x;t) and T©(x;t) refer to the temperature in the inner zone and the outer zone
respectively, and where the parameter ¢ C;=( sCs) in Egs. (19c¢) and (19d) accounts for
the fact that the mass ow velocity in the stack is an e ective velocity which results from
the only motion of the uid in the honeycombed ceramic of porsity and volumetric heat
capacity Cs. It should be emphasized, however, that besides their intsic limitations
associated to the one dimensional approximation in the degation of heat transfer, Egs.
(19) are also rigorously uncorrect for two reasons: rstiythe thermal coupling between the

inner and outer zones is ignored, and secondly the descraoti of heat transfer in the inner
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zones should not include the ternT )= ¢; because there is no physical contact between the
uid and solid walls. So, Eqgs. (19) are imperfect but at leasbne can check that setting

gf;” = 0 yields Egs. (9) which are valid in the absence of streaming

b. Estimate of the heat taken by acoustic streaming at the ct&vaveguide interface
The equations of unsteady heat transfer, Egs. (19), must bempleted by some boundary

condition at the stack/waveguide interface. To do this, Eq.(10) is modi ed as follows:

QD).

r2’

s+ P? @Tj,, 1 @Tiy: +h) (T To)+ hQ, (Th T1)=

conv

(20)

whereTy = TO(xs;t) = TO(xs;t) and @Tj,. = 3 @TWVj,_ + @TWj,_ . Inthis equation,
the heat exchange coe cientsh&hy and hohy are representative of some heat taken away from
the electrical heat resistance, by acoustic streaming, tands the stack and the waveguide,
respectively. Calculatinghf;%}fw) is actually a di cult task which implies knowing the details
of both temperature and streaming velocity elds in the vianity of the stack/waveguide
interface, so that one have to estimate them very roughly. Tdo this, we consider that the
actual problem, i.e. the presence of vortex streaming cells both stack and waveguide, is
equivalent to two independant problems where each cell is wrapped. This is illustrated
by the two schematic drawings of Figs. 7 (c) and (d) in which anfocuses on the streaming
cell in the waveguide regionX Xs): it is assumed that the uid going leftwards at velocity
m;s = ¢, upwards and downwards along the stack interface, and rightirds away from the
stack at velocity m;= ¢, carries the same amount of heat than the uid which would go
rightwards in a single tube of in nite length and which wouldcross an isothermal grid with
xed temperature Ty. In other words, the heat ux ' ., taken by convection from the
electrical heat resistance at temperaturdy, , Fig. 7 (c), is assumed to be equal to the
heat ux taken by the uid in the more tractable situation of Fig.7 (d). The problem of
heat transport in that last situation is indeed quite easy tosolve: assuming rst adiabatic
condition along the tube walls, and introducing the new spa&ccoordinatey de ned in Fig.

7 (d), one can write the following steady-state heat transfeequation

m @T_  @T,

@y '@y D)
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Then, assuming that the temperature of the ingoing owT(y = 1 ) equalsT; , one gets

y 0T =(Ty T )e(rnf V=t 1) 4 T, ; (22a)
y 0 T(y)= Tu: (22b)

Therefore, one can report Egs. (22a) and (22b) in the follong boundary condition

@W) @MW),
f @y f @y conv

=0; (23)
where' &), is the heat power provided by the grid to sustain the steadytate temperature
eld of Egs.(22). This leads to

COy=Cmy (Th To)=hE), (Th T1): (24)

The same approach is used to estimate the heat ), convected away from the electrical

heat resistance to the stack, which gives:
"o = Cims(Tuw T1)=hQ (Th T1): (25)

These estimates oh,, and hi), are nally reported in the boundary condition at the
stack/waveguide interface, Eq. (20).

c. Summary. The complete problem of heat transfer in the presence of acbie stream-
ing is now described by Egs. (19) and (20). Therefore, follavg the approach of section
[11B, one can transform these equations into ordinary di eential equations: introducing
once again the space variable = x Xs, we seek a solution to Egs. (19) and (20) in the

form

z 0TE(Zt) T+ TR0 (26a)
7 O;T(i;o)(z;t) T, + T(t)e z:|f(i;o)(t): (26b)

Wherelg}o)(t) are the four characteristic lengths associated to both irar and outer zones in

the stack and in the waveguide. Finally, using the same apptimations than those formu-
lated in section 111 B, and including the equation describig thermoacoustic ampli cation,

Eq. (8), leads to the following set of equations:
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: = : 27a
T dt dt Ié') S sCs str ( )
19d T di? o+ pz O Gt (9p2

+ =+ P 27b
T dt dt Igo) S sCs str ( )

O, a0

= — — mMs 27

T dt dt If(l) . e, (27c)

©a T, a0,

= —+ ms; 27

T dt odt @ T (e7d)

p2

m m P
_d =t L = - sr : (27e)
" dt foy 4
1 , 1 1 i1 01 (92 _ Q.
é s+ P W + W + ? W + W + Cf ms + Cf Stl‘P T= ﬁ, (27f)
|S |S |f |f |
dP

E = ampl P: (279)

The last point concerns the calculation of the thermacoustiampli cation rate ,mp (together
with the frequency of self-sustained oscillations) whichmust be estimated from a monodi-
mensional temperature eld. In the following, this ampli cation rate ampi(t) = ampl [T (Z;1)]
is calculated from the average temperature eld = 2 T + T( | The above set of equa-
tions (27), which reduces to Egs. (17) in the absence of stramg ( &) = 0), can be

transformed into a set of ordinary di erential equations am solved numerically.

IV. THEORETICAL RESULTS

Before calculating the transient regime, the theoretical wdeling of section Il is rst used
to compute the onset heat power suppl¥onset iN function of the stack positionxs. This is
done by settingP = 0in Egs. (17), and by adjusting the heat supplyQ(t) = Qo t0 Qonset IN
order that .mp = 0. The resulting theoretical stability curve Qonset(Xs) is presented in Fig.
3 (dashed line). The results show reasonable agreement bedw experiments and theory,
with unavoidable di erences due to the approximations of te model.

Once the theoretical stability curve is determined, the primcol used to compute the tran-
sient regime is chosen in accordance with the experimentaipocol. The initial heat supply

Q(t 0) = Qg is chosen slightly belowQonset, While the initial peak pressure amplitudeP
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is xed arbitrarily to the small value P(t = 0) = 10 ®Pa Then, at time t = 0, a power
increment Q is applied and the governing set of ordinary di erential egations, Eqs. (27),

is solved numerically using a variable time-step, fourthrder Runge-Kutta method.

In Fig. 8(a), we present the results obtained for the stack mition x5 = 26:5cm, where
the initial heat power supply Qo is xed to 18:6W. The same results are presented in
Fig.8(b) for the stack positionxs = 36:5cm, where the initial heat power supplyQq is xed
to 13:7W. The results depicted in Fig. 8 show that the time of occurrese of the onset of
thermoacoustic instability is controlled by the power incement Q, and that the amplitudes
of acoustic pressure in steady state are roughly of the sameler of magnitude than those
observed in experiments. The models also predicts largeeatly state acoustic pressures for
Xs = 36:5cm than for xg = 26:5cm, which is consistent with the experimental results of Figs
4 and 5. However, when comparing in details the theoreticagésults with the experimental
results of Figs 4 and 5, it appears clearly that the model is @afle to reproduce the actual
dynamics of wave amplitude evolution: there exists very siavershoots of wave amplitude
growth which are however much lower than those observed inpatiments, and the switch

on/o process is not predicted by theory.

In order to get a deeper physical insight about the engine'peration, it is useful to calcu-
late the transient regime when each of the saturating procsss is considered independantly.
This is realized in Fig. 9(a) wherexs is xed to 36:5cmand Q=Q = 16% (Qg = 13:7W).
For an adequate readability, the computed data are only prested from timet = 25s to
t = 100s. The gradual evolution of the characteristic temperature§ (t) = T(z = 0;t),
Ts(t) = T( lsy;t), and Te(t) = T(lf,;t) are also presented in Fig. 9, witls, 1:52cm and
l;, 1:36cm. The transient regime is computed in di erent con gurations depending on
whether both thermoacoustic streaming and acoustic streang are considered (solid lines)
or not ( and ). The impact of cancelling the time delay ; of streaming establishment is
also examined (). From the analysis of the evolution of acoustic pressur(t), it rstly
appears that the major contribution to wave saturation is de to the thermoacoustic heat
pumping (dashed lines, ) which, however, cannot be considered as the only contribat to
wave saturation (otherwise dashed lines would coincide witsolid lines). The only contri-
bution of acoustic streaming (dash-dotted lines,) leads to a steady state acoustic pressure
which is not signi cantly larger than the one due to the only hermoacoustic pumping: this

means that, from our simpli ed model, acoustic streaming auributes to wave saturation.
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Another interesting point concerning the only contribution of acoustic streaming to wave
saturation is that there exists a signi cant overshoot of wae amplitude growth, clearly
visible around t 35s. Moreover, the results show that if the characteristic time ; of
streaming establishment is discarded { =0, ), the overshoot disappears. From the anal-
ysis of the evolution of the temperature§y, Ts and Tg, it appears that the wave amplitude
growth is accompanied by a diminution ofl; leading to a diminution of the thermoacoustic
ampli cation rate. However, it is di cult to distinguish th e di erent curves from the only
analysis ofTy while signi cant di erences clearly appear from the gradubevolutions of both
Ts and Tg. This clearly means that thermoacoustic ampli cation is nb only controlled by
the temperature di erence across the stack but also by the ape of the temperature eld

in the entire thermoacoustic core.

V. CONCLUSION

We presented an experimental and theoretical study dealingith the onset of self-
sustained acoustic waves in a standing wave thermoacousgagine. The results clearly
show that even in the simple thermoacoustic device consi@erin this study, a rather simple
modeling is unable to reproduce the complicated dynamics whve amplitude evolution ob-
served in experiments. The model indicates that the major otribution to wave saturation
is due to thermoacoustic heat pumping by acoustic waves, balso that forced convection
due to acoustic streaming should be worth considering. Thgh the complicated dynamics of
wave amplitude evolution are not completely reproduced byhe model, it seems reasonable
to suggest that the e ects observed in experiments could beud to the gradual evolution of
the temperature eld along the thermoacoustic core. The redts also indicate that acoustic
streaming impacts the temperature eld within a time scale Wich is signi cantly larger than
the time scale anlm, of thermoacoustic ampli cation: this could explain the oveshoot process
and, perhaps, the switch on/o process. It is thus challengig to improve the theoretical
description of the device in order to get a better agreementithe experiments. In our opinion
there are two major drawbacks in the simpli ed model preseed in this paper. The rst one
concerns our rough estimate of the heat exchange coe cientesr) associated to the heat
taken by the uid near the stack/waveguide interface. The seond drawback concerns the

rough simpli cation of the equations describing unsteady éat transfer : by transforming
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these partial di erential equations into ordinary di erential equations, one may lose impor-
tant information linked to the details of the temperature dstribution and its evolution with
time. It seems interesting for future works to give up the sipli cation mentioned above,
and to solve the unsteady heat transfer equations using a t@ di erence numerical scheme.
Finally, it would be interesting to include in the analysis he additional processes of wave
saturation (nonlinear propagation in the open-ended tuberal minor losses at the edges of
the stack).
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FIG. 1. (a) Photograph of the experimental apparatus. (b) photograph of the hot side of the stack.
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FIG. 2. Schematic drawing of the standing wave thermoacoust engine
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FIG. 3. Experimental ( ) and theoretical (dashed line, see Sect. Ill) onset threshid heat supply
Qonset in function of stack position xs. Lower errorbars correspond to the increment of heat supply

used in experiments.
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FIG. 4. Gradual evolution of the measured acoustic pressur@(L,t), for di erent values of the heat

increment Q (supplied at time t = 0) above the initial heat supply Qo = 16W (slightly below

Qonset = 16:9W). The stack position is xs = 36:5cm. (a) Q=Qp = 16%, (b) Q=Qp = 34%,(c)
Q=Qy = 53%.
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FIG. 5. Gradual evolution of the measured acoustic pressur@(L,t), for di erent values of the heat

increment Q (supplied at time t = 0) above the initial heat supply Qo = 18W (slightly below

Qonset = 19:6W). The stack position is xg = 26:5cm. (a) Q=Qg = 16%, (b) Q=Qu = 24%,(c)
Q=Qp = 30%.

28



FIG. 6. Spatial distribution of acoustic streaming at threshold in the stack (xs ds X  Xg)
and in the waveguide ks X L), for xs = 26:5cm. The corresponding heat power supply
at threshold (' ampi 310 3s 1) is Qonset = 20:17W, and the acoustic pressure amplitude at
position x = L is xed to 1 Pa. (a): spatial distribution of the second order mass ow m in the
stack (the transverse coordinate s is de ned as s = r=rg); (b) : spatial distribution of m in the

waveguide (the transverse coordinate ¢ is de ned as ; = r=rj).
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unknown edge and entrance effects
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FIG. 7. Schematic representation of the simplistic approab used to account for heat convection
by acoustic streaming. (a): schematic representation of the streamlines associatedotacoustic
streaming ; (b) : schematic representation of the streaming velocity eld nside both stack and
waveguide ;(c) and (d) : the heat convected from the stack/waveguide interface is gtimated by
unwrapping the vortex cells and by considering that the interface is equivalent to an isothermal

grid at constant temperature Ty crossed by a steady ow.
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FIG. 8. Theoretical transient regimes of wave amplitude gravth obtained for various heat power
increments Q: (a) the position of the stack is xed to xs = 26:5cm while the initial heat
power supply Qo equals 186W (slightly below Qgnset = 20:17W); (b) the position of the stack
is xed to Xs = 36:5cm while the initial heat power supply Qg equals 137W (slightly below
Qonset = 14:47W).
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