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This paper gives a simplified analytical description of spontaneous generation and finite amplitude saturation
of sound in annular thermoacoustic engines, and also provides comparison with experiments. The model
includes the precise description of thermoacoustic amplification of sound �induced by interaction between an
heterogeneously heated stack of solid plates and resonant gas oscillations�, which accounts for the details of the
temperature distribution in the whole thermoacoustic device �i.e., which does not only account for the mean
temperature gradient along the stack�. The saturation of the acoustic wave amplitude is described by taking into
account both the reverse influence of high amplitude acoustic field on temperature field, and the dissipation of
acoustic energy due to higher harmonics generation and minor losses �vortex generation�. From the comparison
between simulation results and experiments, it is demonstrated that the dynamical behavior observed in our
experimental device is predominantly controlled by the effects of acoustic streaming and acoustically enhanced
thermal conductivity tending not only to reduce the externally imposed temperature gradient along the stack,
but also to change the shape of the temperature field.

DOI: 10.1103/PhysRevE.72.016625 PACS number�s�: 43.25.�y

I. INTRODUCTION

Thermoacoustic prime movers, which involve the interac-
tion between acoustic waves and temperature oscillations oc-
curring near rigid walls inside acoustic boundary layers, are
basically composed of a resonant acoustic tube and a stack of
solid plates installed inside the tube to increase the thermal
boundary layers effects. This stack can play the role of an
acoustic driver when a strong temperature difference is ap-
plied between its ends by external thermal action: when the
temperature gradient along the stack exceeds some critical
value, the fluid particles in the thermoacoustic prime mover
start to oscillate in the absence of any other external excita-
tion �this is called thermoacoustic instability�.

The physical principles of the thermoacoustic amplifica-
tion process are nowadays fairly well understood, and linear
thermoacoustic theory �1,2� provides an effective tool for
predicting the critical temperature gradient corresponding to
the onset of the thermoacoustic instability in various ther-
moacoustic devices �this onset occurs when the thermoa-
coustic amplification produced in the stack exactly balances
the linear thermal and viscous losses in the rest of the de-
vice�. In particular, the analytical description of the thermoa-
coustic amplification process in annular thermoacoustic
prime movers �see Fig. 1� without restriction on the stack

length or on the shape of the temperature field has been
proposed recently �3�. However, the well established founda-
tions of thermoacoustics reach their limit when used to de-
scribe high amplitude thermoacoustic devices, and deeper
understanding of nonlinear thermoacoustics requires more
analytical investigations. In particular, it is important to char-
acterize more precisely the physical mechanisms which lead
to steady-state sound in thermoacoustic prime movers. Actu-
ally, because all the linear dissipation of sound is compen-
sated by thermoacoustic amplification at the threshold of in-
stability, these are only nonlinear effects which are able to
stabilize the acoustic wave amplitude.

At the present time, a few nonlinear effects have been
identified as potential explanations for the amplitude stabili-
zation of the acoustic wave in thermoacoustic prime movers.
The role of the cascade process of higher harmonics excita-
tion has been studied both experimentally �4,5� and theoreti-
cally �6–8�, and the minor losses due to vortex generation at
the edges of the stack and of the heat exchangers has been
estimated �9,10�. Also, the processes involving the reverse
influence of the acoustic waves on temperature distribution
have been observed �11–16�. Among these mechanisms is the
well-known effect of thermoacoustic heat transport from hot
to cold ends of the stack induced by gas oscillations. This
acoustically enhanced thermal conductivity �11� tends to re-

FIG. 1. �a� Schematic diagram
of the experimental apparatus. �b�
Detailed representation of the
thermoacoustic core.
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duce the externally imposed temperature gradient. Another
mechanism which is expected to contribute to heat transport
is the excitation of acoustic streaming. While the presence of
acoustic streaming has been reported in several experimental
devices �12–14�, the role of the associated enthalpy flow on
the thermoacoustic amplification process is poorly under-
stood in thermoacoustic theory. Furthermore, the description
of acoustic streaming needs to be reconsidered depending on
whether the device is a standing wave prime mover or an
annular �“traveling wave”� thermoacoustic prime mover: in
annular thermoacoustic prime movers the existence of a
closed loop path results in the excitation of a mean unidirec-
tional acoustic streaming carrying nonzero mass flow
through each cross section of the resonator �17–19�, while in
standing wave devices the upward and downward streaming
mass currents compensate necessarily each other in the reso-
nator cross section.

While the direct numerical simulation of spontaneous
generation and finite amplitude saturation of sound in ther-
moacoustic engines is limited by large computation times
inherent to the multiscale complexity of the problem, the
precise analytical description of thermoacoustic engine op-
eration is a difficult task. We failed to find in the literature
any �necessarily simplified� analytical description of the
prime mover operation which accounts for all the above
mentioned nonlinear processes and which agrees reasonably
well with experimental results. In our opinion, this is partly
due to the fact that the existing models consider a mean
temperature gradient along the stack and do not allow for the
temperature field to be other than linear in coordinate,
whereas the actual temperature field generally has a nonlin-
ear shape which may change significantly during the wave
amplitude growth: for instance, the temperature profile in the
“passive part” of the thermoacoustic core �i.e., in the region
0�x�Hw in Fig. 1� may change significantly as a conse-
quence of forced convection due to acoustic streaming exci-
tation. It is however demonstrated in Ref. �3� that the reverse
influence of the temperature distribution on thermoacoustic
amplification is significant because the temperature profile in
the entire thermoacoustic core �including the “passive part”�
determines the spatial distribution of acoustic pressure and
velocity amplitudes, and phase shift between pressure and
velocity oscillations in the stack �i.e., in the “active” part of
the thermoacoustic core where sound is amplified�. Conse-
quently, changes in the shape of the temperature field result
in changes in the parameters controlling the thermoacoustic
amplification process �or in other words, controlling the heat
engine’s cycle�. This original result of Ref. �3� is an impor-
tant one because it may explain the existing gap between
experimental results and theory. Thus, the present study was
initiated to reach a better understanding of the acoustic wave
saturation in thermoacoustic devices, and to propose a model
able to reproduce, at least qualitatively, the typical dynamic
behaviors observed in experiments.

In this paper, experimental observations of the wave am-
plitude growth leading to steady-state sound in an annular
thermoacoustic prime mover are first presented and analyzed
in Sec. II. Then, in Sec. III, attention is focused on the ana-
lytical, time domain description of the interactions between
acoustic and thermal fields due to acoustically enhanced ther-

mal conductivity and acoustic streaming, using a one dimen-
sional model to describe heat transfer in the thermoacoustic
device. The model also accounts for the dissipaion of energy
due to minor losses and higher harmonics generation. Sec-
tion IV is devoted to the numerical finite difference resolu-
tion of the derived equations. The results obtained are com-
pared with experiments: the dynamical behaviors observed in
experiments are reproduced qualitatively, and also quantita-
tively in the simulations. Because it supplies a new under-
standing of fundamental processes which control the steady-
state sound in thermoacoustic engines, this work contributes,
in our opinion, to the progress in designing thermoacoustic
engines so that they could become more efficient.

II. EXPERIMENTAL RESULTS

A. Experimental apparatus

A schematic diagram of the experimental apparatus is
shown in Fig. 1. The torus-shaped stainless steel tube of
inner radius ri=26.5 mm and length L=2.24 m is filled with
air at atmospheric pressure. The stack �length Hs=5 cm� is a
ceramic porous material with square channels of cross sec-
tion 0.9�0.9 mm2. The cold heat exchanger is a copper cir-
cular shell set around the tube with flowing cooling water
inside at room temperature T�, and a copper wire mesh in-
side the tube �attached to the left side of stack�. In order to
impose a strong temperature gradient along the stack, eight
electrical heat resistances connected to a thyristor unit are
soldered in a stainless steel block set at the right side of the
stack around the outer perimeter of the tube �Fig. 1�b��.
When the external thermal action on the system exceeds
some critical value, the onset of the thermoacoustic instabil-
ity results in the self-excitation of high amplitude acoustic
waves oscillating at frequency f �153 Hz, which corre-
sponds approximately to the frequency of the first traveling
wave mode of the annular resonator �f �c /L, where c de-
notes the adiabatic sound velocity�.

The instrumentation of the device is schematically shown
in Fig. 1. Two piezoresistive microphones allow to measure
acoustic pressure oscillations at two different positions along
the resonator. The temperature measurement along the stack
is carried out with five type K thermocouples �70 �m in
diameter� equally spaced along the median axis of the stack
and glued with a ceramic putty. In order to investigate the
possible inhomogeneity in the radial temperature distribu-
tion, two additional thermocouples are placed in the middle
of the stack at 10 mm and 20 mm from the median axis,
respectively. Additional type K probes �1 mm in diameter�
are also placed in the waveguide �see Fig. 1� to provide
information on the heat transfer due to acoustic streaming.
All sensors are linked to an A/D converter for signal process-
ing.

B. Experiments

For each of the measurements presented in the following,
the heating power supply is initially set to Q0�100 W so
that the device is just below the onset of the thermoacoustic
instability. A small �Q increment is then sufficient for the
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acoustic wave to be generated in the waveguide. Note that
care was taken before each measurement to wait for tempera-
ture stabilization in the whole device.

Figure 2 presents the observed dynamics of the wave am-
plitude growth for various �Q increment on the external
heating power supply above the critical value Q0. For small
�Q increments the onset of thermoacoustic instability results
in the exponential growth of the acoustic wave amplitude,
followed by a regime of stabilization. For large �Q incre-
ments, acoustic wave amplitude stabilization is followed by
gradual amplification until the final stabilization. Figure 3
presents the evolution of the temperature distribution in the
heterogeneously heated part of the device: the temperatures
TH, TS, and TW �see Fig. 1�b�� are plotted versus time during

two out of the four regimes plotted in Fig. 2. In both cases
plotted respectively in dashed and solid lines in Fig. 3, t=0
corresponds to the time when the �Q increment is applied
�this is not the case in Fig. 2�. Two comments mainly arise
from the results shown in Fig. 3. First of all, it appears in
both cases that the onset of the acoustic wave is accompanied
by significant acoustically induced changes in the tempera-
ture field; in particular, the observed gradual increase of TW
may be attributed to the excitation of a unidirectional acous-
tic streaming carrying heat and mass flows in the clockwise
direction �13,18�. Then, during the time dependent regime
plotted in solid line in Fig. 3, it clearly appears that the first
saturation of the acoustic wave amplitude �which occurs at
time t�100 s� corresponds to an acoustically induced break
in the increase of TH �which is initially due to the external
heating process�; however in the subsequent evolution of
acoustic pressure and temperatures �t�100 s�, the additional
rise in the acoustic pressure amplitude is accompanied by a
reduction of hot temperature TH. This indicates that a simple
temperature difference between the two ends of the stack is
not a sufficient parameter to describe the thermoacoustic am-
plification process in that device, and confirms that the shape
of the temperature field significantly impacts the thermoa-
coustic amplification process �3�.

It must be mentioned here that the excitation of higher
harmonics has been observed in the experiments described
above, so that this effect may play a role in the saturation
process. Also, the minor losses at the edges of the stack may
be effective as well. Nevertheless, the experimental results
clearly indicate that the reverse influence of the acoustic field
on the temperature field needs to be described in an adequate
theory, by including the heat transport by acoustic streaming
and acoustically induced thermal conductivity in the heat
transfer equations.

III. SIMPLIFIED ANALYTICAL MODEL FOR THE TIME
DEPENDENT REGIME

In this section, the time dependent regime of the prime
mover operation leading to steady-state sound is described
by combining the equation describing the thermoacoustic
amplification of sound with the equations describing, in a
simplified one-dimensional approach, the heat transfer
through the heterogeneously heated parts of the device �ther-
moacoustic core�. As depicted in Fig. 4, the thermoacoustic

FIG. 2. Root mean square amplitude evolution of acoustic pres-
sure prms versus time, for various �Q increments of the external
heating power supply above the critical value Q0.

FIG. 3. Evolution of temperatures TH �at the hot end of the
stack�, TS �in the middle of the stack�, and TW �at 12.5 cm right
from the hot end of the stack in the waveguide� associated to dif-
ferent regimes of wave amplitude growth. Solid line: �Q /Q0

=78%; dashed line: �Q /Q0=17%. In both cases, t=0 corresponds
to the time when the increment �Q is applied.

FIG. 4. Schematic representation of the thermoacoustic core,
composed of three distinct homogeneous media.
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core is supposed to be composed of three homogeneous me-
dia: the resonator walls, the air in the heterogeneously heated
part of the resonator, and the stack. In particular, the stack
�composed both of air and ceramic� is considered as a homo-
geneous medium of thermal and physical properties:

�sCs = �aCa	 + �cCc�1 − 	� ,


s = 
a	 + 
c�1 − 	� ,

where subscripts s, c, a refer to stack, ceramics, and air,
respectively, and where 	 is the porosity of the stack. Table
I reports the values for geometrical and thermophysical prop-
erties of materials which compose the experimental device
�note that the temperature dependence of the thermal con-
ductivity of air 
a is described using the empirical relation

a�T�=
a�T��� �T /T��0.73 �1�, where T� stands for room
temperature�.

A. Thermoacoustic amplification

In a recent publication �3�, the analytical description of
the sound amplification in annular thermoacoustic prime
movers has been proposed, without any restrictions either on
the stack length or on the shape of the temperature field
Ts,w�x� in the thermoacoustic core. In the model, the
amplification/attenuation of the acoustic wave in this closed
loop device is represented by the thermoacoustic amplifica-
tion coefficient � which can be calculated numerically,
jointly with the corresponding frequency f of acoustic oscil-
lations, as a function of the sound scattering matrix coeffi-
cients of the thermoacoustic core. Here, using the analytical
model presented in Ref. �3�, the equation describing the evo-
lution with time of the acoustic wave amplitude is written in
the form of an ordinary differential equation as follows:

dtp1 =
p1

�ampl
, �1�

where dt denotes time derivative and p1�t�� p1�x0 , t� stands
for the root mean square amplitude of acoustic pressure os-
cillations at an arbitrary position x0 along the device. The
characteristic time �ampl��ampl�Ts,w�x , t�� of thermoacoustic
amplification depends on the temperature field spatial distri-
bution in the thermoacoustic core. Simple calculations allow
to express �ampl as a function of the thermoacoustic amplifi-
cation coefficient � �defined in Ref. �3�� and corresponding
acoustic frequency f as follows:

�ampl = ���Ts,w� � f�Ts,w��−1. �2�

B. Heat transfer in the thermoacoustic core

In the simplified one-dimensional approach, the balance
of heat transfer is drawn up in each of the three regions, i.e.,
the resonator walls �subscript “r”�, the stack �subscript “s”�
and the air in the nonhomogeneously heated part of the
waveguide �subscript “w”�, as illustrated in Fig. 4. This re-
sults in a set of partial derivative equations which describe
the coupling between the temperature fields in the resonator
walls �Tr�x , t��, in the stack �Ts�x , t�� and in the waveguide
�Tw�x , t��:

− HS  x  0, �rCr�tTr = 
r�xx
2 Tr −

2�ri

��re
2 − ri

2�
hr↔s�Tr − Ts�

−
2�re

��re
2 − ri

2�
hr↔��Tr − T�� , �3a�

0  x  HQ, �rCr�tTr = 
r�xx
2 Tr −

2�ri

��re
2 − ri

2�
hr↔w�Tr − Tw�

+
2�re

��re
2 − ri

2�
Q�t�
HQ

, �3b�

TABLE I. Characteristic dimensions and thermophysical properties of materials used in the experimental device.

Thermophysical properties (at room temperature T�=294 K�

Density Heat capacity Thermal conductivity

Resonator walls �stainless steel� �r=7900 kg/m3 Cr=460 J /kg K 
r=14 W/m/K

Stack walls �cordierite� �c=2500 kg/m3 Cc=900 J /kg K 
c=2.5 W/m/K

Fluid �air at atmospheric pressure� �a=1.2 kg/m3 Ca=1003 J /kg K 
a=0.026 W/m/K

Geometrical properties

L : resonator length 2.24 m

re : external radius of the resonator �Fig. 4� 30.15 mm

ri : internal radius of the resonator �Fig. 4� 26.5 mm

Hs : stack length �Fig. 1�a�� 0.05 m

Hw : length of the “air composed” part of the thermoacoustic core �Fig. 1�a�� 1 m

Da : geometrical diameter of a stack pore �Fig. 10� 0.9 mm

Dc : thickness of stack walls �Fig. 10� 0.1 mm

	 : stack porosity�	= �Da /Da+Dc�2� 0.81
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HQ  x  HW, �rCr�tTr = 
r�xx
2 Tr −

2�ri

��re
2 − ri

2�

hr↔w�Tr − Tw� −
2�re

��re
2 − ri

2�
hr↔��Tr − T�� , �3c�

− HS  x  0, �sCs�tTs + �sCsvs�t��xTs = 
s�t��xx
2 Ts

−
2�ri

��re
2 − ri

2�
hr↔s�Ts − Tr� , �4�

0  x  HW, �wCw�tTw + �wCwvw�t��xTw = 
w�xx
2 Tw

−
2�ri

��re
2 − ri

2�
hr↔w�Tw − Tr� , �5�

where �t and �x stand for partial time and space derivative,
respectively. In Eq. �4� �Eq. �5�, respectively�, the influence
of forced convection due to acoustic streaming on the tem-
perature field is described by the terms �sCsvs�xTs �respec-
tively �wCwvw�xTw�, where the dynamics of acoustic stream-
ing establishment is controlled by the dynamics of acoustic
pressure evolution �vs,w�t��vs,w�p1�t���. The acoustic
streaming velocity in the stack is an effective velocity which
depends both on thermophysical properties of air and stack
walls, and on stack porosity 	 �see Table I�:

vs�t� =
	�aCa

�sCs

vw�t�
	

. �6�

Furthermore, in Eq. �4� the thermoacoustic heat pumping
from hot to cold ends of the stack is described in the term

s�xx

2 as an acoustically enhanced thermal conductivity

s�t��
s�p1�t��. In Eqs. �3b�, �3c�, and �5�, the coupling be-
tween temperature fields Tw�x , t� and Tr�x , t� is described
with the use of the phenomenological heat transfer coeffi-
cient hr↔w which accounts for the forced internal convection
due to the excitation of acoustic streaming, while the cou-
pling between temperature fields Ts and Tr �coefficient hr↔s

in Eqs. �3a� and �4�� includes both radial heat diffusion in the
stack walls and forced convection in the stack pores. Finally,
the external heat leakage due to natural convection is de-
scribed by the term hr↔��Tr−T��. In that simplified model,
all of the coupling coefficients hr↔w,r↔s,r↔� are obtained
from usual results of heat transfer theory �20� which give
estimates for the Nusselt numbers associated to the device
geometry and the nature of heat flux �natural/forced convec-
tion, internal/external convection, thermal radiation…�. It
must be mentioned however that the coefficients obtained are
approximate values that account neither for the presence of
an acoustic field �only the nonoscillatory—i.e., streaming
induced—flow is considered� nor for the complicated radial
distribution of streaming velocity �a unidirectional laminar
flow is considered�. The calculation details leading to the
analytical expressions for hr↔w,r↔s,r↔� coefficients are re-
ported in the Appendix.

In addition to Eqs. �3�–�5� describing heat transfer in the
thermoacoustic core, the following boundary conditions are
considered:

Tr,s�− HS,t� = T�, �7a�

Tr,w�HW,t� = T�, �7b�

which assume constant temperature T� at the ends of the
thermoacoustic core, and

�xTr�0−,t� = �xTr�0+,t� , �7c�

�xTr�H−
Q,t� = �xTr�H+

Q,t� , �7d�


s�t��xTs�0−,t� = 
w�xTw�0+,t� �7e�

describing continuity of heat flux in the resonator walls and
at the stack/air interface.

C. Nonlinear saturation processes

1. Mean velocity of acoustic streaming

In the one-dimensional approach of Eqs. �4� and �5�, the
effect of acoustic streaming on temperature field is simply
represented by the forced convection terms
�s,wCs,wvs,w�xTs,w, where vs,w represent the mean acoustic
streaming velocities through the resonator’s internal cross
section. The precise description of acoustic streaming in ther-
moacoustic engines is actually a much more complex prob-
lem, but it is assumed here, in this simplified one dimen-
sional approach, that the main part of convective heat
transfer is provided by that nonzero unidirectional mean
mass flow.

The velocity of the mean unidirectional acoustic stream-
ing in the stationary regime is estimated here from prelimi-
nary analytical and experimental works �13,18�. The analyti-
cal description of acoustic streaming in annular
thermoacoustic prime movers has been proposed in Ref.
�18�: it is demonstrated that the mean acoustic streaming
velocity through the resonator’s cross section is directed
along x axis that is clockwise �in accordance with Fig. 1�a��,
and is proportional to the acoustic intensity. The dependence
of the acoustic streaming velocity on the acoustic pressure in
the present device has been also estimated experimentally in
the stationary regime �13�, using an indirect method which
consists in comparing temperature distributions before and
after the onset of thermoacoustic instability. Furthermore, the
temporal dynamics of streaming establishment has been de-
scribed analytically �21� in the simplified case of a pure trav-
eling acoustic wave propagating in a nonheated annular reso-
nator without stack: it is demonstrated ��21�, Fig. 15� that the
development of acoustic streaming in such a device can be
modeled as follows:

dtv +
v
�

=
vmax

�
, �8�

where the acoustic streaming velocity in the stationary re-
gime vmax is proportional to acoustic intensity. The charac-
teristic time � of streaming establishment depends on the
regime of fluid/structure interaction as follows:
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� �
D2

�2�
, �9�

where D denotes the resonator’s internal diameter, and � is
the kinematic viscosity of fluid. In the present case, when a
stack of solid plates �porosity 	� is introduced in the annular
resonator �Fig. 1�, the hydrodynamic pressure gradient dxPh
exists along the resonator axis and Eq. �8� must be replaced
by

− HS � x � 0, dt
v
	

+
1

�s

v
	

=
1

�s

vmax

	
−

1

�a
dxPh,

�10a�

0 � x � L − HS, dtv +
v
�w

=
vmax

�w
−

1

�a
dxPh, �10b�

where the streaming velocity in the stack pores v /	 is sim-
ply obtained from the velocity in the resonator v using mass
flow conservation and assuming incompressible flow �v�c,
where c denotes sound velocity�. In Eqs. �10a� and �10b� the
characteristic times �s�2�10−2 s and �w�20 s are ob-
tained from Eq. �9� with geometrical properties of stack and
resonator, respectively. Integrating over x and adding to-
gether Eqs. �10a� and �10b�, and accounting for Ph�0�
= Ph�L� yields

dtv +
v
�v

=
vmax

�v
, �11�

where the global characteristic time of streaming establish-
ment in the thermoacoustic prime mover �v is related to the
characteristic times �s and �w by the following summation
rule:

�v = 	 1

L

L − HS

�w
+

HS

�s
��−1

. �12�

Finally, since vmax is proportional to acoustic intensity, the
equation describing the time evolution of the velocity of
acoustic streaming in the resonator can be written as follows:

dtvw +
vw

�v
=

�v

�v
p1

2�t� , �13�

where �v�0.9 s is estimated from Eq. �12�, while the coef-
ficient �v�4�10−8 m/s−1 Pa−2 describing the proportional-
ity of the velocity of acoustic streaming with acoustic inten-
sity is obtained from the experimental results presented in
Ref. �13� �Fig. 5�. Finally, the time evolution of the effective
velocity in the stack region vs is obtained from Eqs. �6� and
�13�.

2. Acoustically enhanced thermal conductivity

In order to account for the thermoacoustic enthalpy flow
in the stack, the thermal conductivity 
s is supposed to be
time-dependent in Eqs. �4� and �7e�. The variations with time
of 
s can be written as follows:


s�t� = 
s0
+ 
sac

�t� , �14�

where 
s0
stands for the initial thermal conductivity �
s

=
a	+
c�1−	��. The acoustically enhanced thermal con-
ductivity 
sac

is estimated from the well-known analytical
expression for the thermoacoustic enthalpy flow �1,2,7�


̃sac
=

Ca

2�3�a

1 − �3/2

�1 − �2��
��xp̃�2 Im f�, �15�

where p̃� p̃�x ,�� is the complex amplitude of acoustic pres-
sure oscillations (p�x , t�=Re�p̃�x ,��e−i�t�), ��0.7 is the
Prandtl number of air, and where the well known function f�

characterizes the efficiency of the viscous coupling of the
acoustic field with the stack channel. This expression can be
simplified here by analyzing the asymptotic cases of quasi-
adiabatic and quasi-isothermal regimes of stack/air interac-
tion, respectively. Introducing the thermal and viscous acous-
tic boundary layers ��=2� /� and ��=2� /� �with � and �
denoting thermal diffusivity and kinematic viscosity of air,
respectively�, the asymptotic expression for acoustically in-

duced thermal conductivity 
̃sac

�QA� in the quasiadiabatic re-
gime��� /Da�1� is estimated �see Ref. �7�, Eqs. �19�,�23�� as
follows:


̃sac

�QA� �
Ca

2��ac2

1 − �3/2

�1 − �2��

��

2Da
p̃2, �16�

while its expression 
̃sac

�QI� in the case of a quasi-isothermal
regime of thermoacoustic interaction ���� /Da�2�1, see Ref.
�7�, Eqs. �41�,�43�� as follows:


̃sac

�QI� �
Ca

2��ac2

1 − �3/2

�1 − �2��
6	 ��

Da
�2

p̃2. �17�

In both cases, the acoustically induced thermal conductivity
is proportional to p̃2. In the case of the experimental device
considered in this paper, the thermoacoustic interaction in the
stack channels is neither quasiadiabatic nor quasi-isothermal
�in fact, �� /Da�0.5�, but it is considered here for the sake of
simplicity that the acoustically induced thermal conductivity
is proportional to the square of mean acoustic pressure in the
stack �as in the asymptotic cases�:


s = 
s0
+ �
p1

2. �18�

Consequently, the coefficient �
 can be estimated by inter-
polating its asymptotic expressions �Eqs. �16� and �17�� to
the case corresponding to the experimental device ��� /Da

�0.5�. The following range

6 � 10−7 � �
 � 2 � 10−6

is finally obtained for �
.

3. Higher harmonics generation and minor losses

In order to make the analytical modelling of higher har-
monics generation and minor losses tractable, a few assump-
tions need to be made. First of all, a traveling acoustic wave
propagating in the +x direction is considered, so that the time
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variations of the fundamental component of acoustic pres-
sure p1�x , t� at an arbitrary position x along the device can be
written as follows:

p1�x,t� � p1�t�sin	�t −
2�x

L
� , �19�

where ��2�c /L is the angular frequency of the fundamen-
tal acoustic mode. Secondly, the fluid is assumed to be
weakly dissipative so that the acoustic velocity in the reso-
nator is obtained from Euler’s equation ��tv=−�xp:

v1�x,t� � v1�t�sin	�t −
2�x

L
� , �20�

with

v1�t� �
p1�t�
�ac

. �21�

Higher harmonics generation. Because of classical non-
linear effects �22� the development of large amplitude acous-
tic waves in the present device results in the cascade process
of higher harmonics generation. This change in the spectral
content of the acoustic wave results in the increase of ther-
mal and viscous dissipation near the resonator walls �propor-
tional to the square root of acoustic frequency�. Conse-
quently, by hypothesizing that the acoustic wave saturation is
only due to higher harmonics generation, the amplitude of
acoustic waves would necessarily stabilize to a finite level so
that the additional losses due to higher harmonics generation
compensates for the thermoacoustic amplification of the fun-
damental mode. In the experiments, even the second har-
monic has been found very small in comparison with the
fundamental, so the cascade process of higher harmonics
generation can be modelled by decomposing the temporal
oscillations of the acoustic pressure wave just into its funda-
mental component p1�t� and its second harmonic p2�t�

p�t� � p1�t�sin���� + p2�t�sin�2��� , �22�

where the delayed time �= t−x /c characterizes the acoustic
wave propagation, while the t variations of acoustic pressure
amplitude stand for slow variations in the time dependent
regime of prime mover operation. This decomposition �22� is
then introduced into the nonlinear equation of propagation
without dispersion �22�

�M

�t
=

�nl

2

�M2

��
, �23�

where �nl is the nonlinear parameter of fluid ��nl=1.2 for air�
and M = p / ��ac2� is the acoustic Mach number, so that after
identification of terms oscillating respectively at angular fre-
quencies � and 2� the following set of equations is ob-
tained:

�M1

�t
= − �

�nl

2
M1M2, �24a�

�M2

�t
= �

�nl

2
M1

2. �24b�

The simple physical sense of these coupled equations is that
the second describes the generation of the second harmonic,
while the first describes that the interaction of the fundamen-
tal frequency with the second harmonic leads to a leakage of
energy from the fundamental wave. Finally, the analytical
modeling of the saturation due to second harmonic genera-
tion is described by including in the model �24� the processes
of amplification and absorption of sound waves:

�M1

�t
= − �

�nl

2
M1M2 +

M1

�ampl
, �25a�

�M2

�t
= �

�nl

2
M1

2 −
M2

�att
. �25b�

Here M1 /�ampl and −M2 /�att characterize the thermoacoustic
amplification of fundamental mode �see Eq. �1�� and thermo-
viscous attenuation of second harmonic, respectively. The
characteristic time �att is estimated in the present device by
measuring �for various �Q /Q0 values� the stationary ampli-
tudes p1,2�t→�� and by introducing the obtained values in
Eq. �25b� with �tM2�t→��=0:

�att =
2

��nl

M2�t → ��
M1

2�t → ��
� 2.2 � 10−2s. �26�

It is important to remember here that a travelling wave
propagating along +x has been considered to model the cas-
cade process of higher harmonics generation, whereas the
actual acoustic field is much more complex �3,12�. Neverthe-
less, the acoustic field can be decomposed into its two coun-
terpropagative components in the temperature homogeneous
region �i.e., in the longest part of the resonator�. Moreover,
since the generation �with subsequent dissipation� of har-
monics 3� and higher has been neglected, there is no cou-
pling in the nonlinear propagation of counterpropagative
acoustic waves �23�, so that the approach adopted is still
valid in that case.

Minor losses. Minor losses refer to losses in flow energy
which are physically associated with the formation of vorti-
ces, resulting here from changes in the form of flow cross
section at the interface between the stack ends and resonator
�Fig. 5�. These additional losses are accompanied by an ad-
ditional stress difference across the transition region, which
is traditionally presented in terms of additional abrupt pres-
sure variation �p in the region of abrupt change in tube cross
section �5,9,10,19�. In the case of high Reynolds number
steady flows, the pressure drop �pout�x0�= pout�x2�− pout�x1�
associated for instance with an outgoing flow �“out” in Fig.
5� is proportional to the axial component of the flow velocity
Vx:

�pout�x0� � −
1

2
�aKoutVx

2�x0� . �27�

Now, if a travelling acoustic wave �with associated velocity
field v�t�=v1�t�sin����� propagates in the closed loop reso-
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nator, the minor losses can be estimated by dissociating in-
going and outgoing flows:

��0 � �0,��,�p�x0,t� � −
�aKout

2
v1

2�t�sin2���0� ,

�28a�

��0 � ��,2��,�p�x0,t� � +
�aKin

2
v1

2�t�sin2���0� ,

�28b�

with ��0=�t−2�x0 /L. Introducing the resonator’s internal
cross section Sw=�ri

2 and the fluid portion of the stack’s
cross section Ss=	�Sw, it is possible to derive from Eq.
�28� the expression of the minor losses induced decrease of
acoustic power

�Ėminor�t� =
�

�
�

0

�

�pout�t�v1�t�sin���0�Swd���0�

+
�

�
�

�

2�

�pin�t�v1�t�sin���0�Ssd���0�

= −
1

2

4

3�
�a�KoutSw + KinSs�v1

3�t� �29�

as a function of the amplitude v1�t� of acoustic velocity os-
cillations at the stack end. Then, using the expression of the
total acoustic energy in the resonator �length L�

Etot�t� =
Sw

2
L

p1
2�t�

�ac2 , �30�

the decrease with time of total acoustic energy due to minor
losses at the two stack ends

�tEtot = SwL
p1

�ac2�tp1 = 2 � �Ėminor�t� �31�

is expressed as a decrease of the acoustic Mach number
M1= p1 /�c2 which depends on M1 itself and on a character-
istic time �minor as follows:

�tM = −
M2

�minor
, �32�

with

�minor =
3�

4

SwL

�SwKout + SsKin�c
. �33�

This characteristic time �minor depends on the coefficients Kin
and Kout which need to be estimated. Empirical relations �see
Ref. �24�, Chaps. 3 and 4� for the case of high Reynolds
numbers �Re�104� indicate the following expressions for
minor losses coefficients: Kout��1−Ss /Sw�2 and Kin�0.5�1
−Ss /Sw�3/4. Nevertheless, in the present experimental appa-
ratus with a stack’s pore diameter Da�0.9 mm, the associ-
ated Reynolds number Re=v1Da /�a� p1Da / ��ac�a� is in the
range 14�Re�300 when the acoustic pressure amplitude
ranges from 100 to 2000 Pa, so that the effect of fluid vis-
cosity on the velocity distribution in one stack pore must be
considered in the estimates of Kin and Kout �9,24�. Though we
do not have here any empirical relations corresponding to the
present device �with Ss /Sw=0.81 and Re�102�, we use an
order of magnitude estimate which has already been used in
Ref. �19� �done on the basis of Ref. �24��, which consists of
multiplying the above listed expression of Kout and Kin by
factors 5 and 4, respectively. Thus, reporting Kout�5� �1
−Ss /Sw�2 and Kin�4�0.5�1−Ss /Sw�3/4 in Eq. �33� yields
�minor�2.4�10−2 s.

Joint influence of minor losses and higher harmonics to
wave saturation.Finally, from the simplified analytical mod-
els described in Secs. III C 3, the additional influence of mi-
nor losses and higher harmonics generation to acoustic wave
saturation can be included in the model describing the inter-
action between acoustic and thermal fields. Indeed, Eq. �1�
describing the time variations of the amplitude of acoustic
pressure of fundamental mode must be replaced by the fol-
lowing set of equations:

�M1

�t
=

M1

�ampl
− �

�nl

2
M1M2 −

M1
2

�minor
, �34a�

�M2

�t
= �

�nl

2
M1

2 −
M2

�att
, �34b�

which is derived from Eqs. �25� and �32�, with M1,2
= p1,2 / ��c2�,and assuming that the main contribution to mi-
nor losses is that from the fundamental acoustic mode.

FIG. 5. Qualitative representa-
tion of vortices generation associ-
ated with an oscillatory flow at the
stack ends.
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IV. NUMERICAL SIMULATIONS

A. Prediction of wave amplitude dynamics, comparison
with experiments

In Sec. III, all the equations describing the prime mover
operation from the onset of the thermoacoustic instability to
its saturation due to nonlinear effects have been derived.
Now, the problem is to simultaneously solve a set of partial
differential equations describing the evolution with time of
the temperature fields coupled to ordinary differential equa-
tions describing the evolution with time of both acoustic
pressure amplitude and acoustic streaming velocity:

�tTr = Fr�t,Tr,Ts,Tw,…�, �from Eq . �3�� ,

�tTs = Fs�t,Tr,Ts,vs,p1,…�, �from Eqs . �4�,�18�� ,

�tTw = Fw�t,Tr,Tw,vw,p1,…�, �from Eq . �5�� ,

�tvs,w = Fv�t,p1,…�, �from Eqs . �6�,�13�� ,

�tp1,2 = Fp�t,Ts,Tw,p1,p2,…� �from Eqs . �34�,�2�� .

The solution is derived numerically, using finite differ-
ence methods: partial differential equations are solved using
the Cranck-Nicholson scheme �25� while ordinary differen-
tial equations are solved with the classical Runge-Kutta
method �order 4�. In the following, the way used to compute
the time dependent regime is presented.

First of all, the acoustic pressure is set to zero in the
whole device, and the external heating power is set to a fixed
value Q0 in order for the system to be just below the onset of
thermoacoustic instability after computing the associated
steady thermal field Tr,s,w�x�. This condition is satisfied when
the thermoacoustic amplification coefficient � calculated
from the temperature distribution Ts,w�x� inside the thermoa-
coustic core �using the method presented in Ref. �3�� is close
to—but less than—zero �for instance ��Ts,w��−10−5�.

Then, at time t=0, the amplitude of acoustic pressure p1 is
set to a small value �e.g., p1�10−2 Pa�, and the external
heating is incremented to Q0+�Q �the initial temperature
field being the one computed previously�.

The temperature field Tr,s,w�x , t+�t� and the correspond-
ing characteristic time �ampl�t+�t� of thermoacoustic ampli-
fication are computed, and then the values for other variables
�p1,2 ,vs,w ,
s� are obtained for the time t+�t. This step by
step operation is repeated until the stabilization of the acous-
tic pressure amplitude.

B. Results

In the simulation results presented below, the numerical
values of geometrical and thermophysical parameters are
those listed in Table I, and the estimated values of the pa-
rameters controlling the nonlinear saturation processes are
listed in Table II.

Concerning the comparison of simulation results with ex-
periments, a point that has been deliberately hidden until
now needs to be made clear: this point concerns the spatial

distribution of the acoustic field in the whole device. To be
precise, it must be mentioned, first of all, that in the model
�Sec. III� the amplitude of acoustic pressure p1 refers neces-
sarily to acoustic pressure in the stack, because both acous-
tically enhanced conductivity and minor losses depend on
acoustic pressure in the stack. Secondly, the experimental
results presented in Sec. II correspond to measurements of
acoustic pressure with the microphone “mic. 1” �see Fig. 1�,
that is approximately 1 metre away from the hot stack end.
The distribution of the acoustic field in annular thermoacous-
tic prime movers has been studied both experimentally �12�
and theoretically �3�, and in both cases the results show that
for a resonator of length L, the spatial distribution of acoustic
pressure at fundamental frequency is L /2 periodic. Conse-
quently, the amplitude of acoustic pressure measured at 1m
�L /2 �with L=2.24m� from the stack is approximately the
amplitude of acoustic pressure in the stack, and the simula-
tion results are compared directly with experimental results
of Fig. 2.

In the light of the experimental results presented in Sec.
II, which indicate that the processes involving the reverse
influence of the acoustic field on the temperature field may
play a predominant role in the saturation of the acoustic
wave, it seems reasonable here first to simulate time depen-
dent regimes when the only effects of acoustic streaming and
acoustically induced conductivity are included. Figure 6 pre-
sents such simulation results of the prime mover operation,

TABLE II. Estimated values of parameters controlling the non-
linear saturation processes.

�v 4�10−8 m/s−1 Pa−2

�v 0.9 s

�
 2�10−6 W/m−1 K−1 Pa−2

�att 2.2�10−2 s

�minor 2.4�10−2 s

FIG. 6. Calculated evolution with time of acoustic pressure p1

for various �Q increment of the external heating power supply
above the critical value Q0, when the nonlinear processes of higher
harmonics generation and minor losses are neglected in the model.
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that is when the processes of higher harmonics generation
and minor losses are neglected in the model �this is done by
setting �att→�, �minor→�, and �nl=0 in Eq. �34��. The com-
parative analysis of experimental and theoretical results de-
picted in Figs. 2 and 6 show that the model reproduces the
experimentally observed dynamics quite well. From the
quantitative point of view, both the durations from the begin-
ning of the amplification to the stabilization of the acoustic
wave and the pressure levels obtained in the stationary re-
gime match experiments. From the qualitative point of view,
the calculated curves draw an exponential growth and a first
saturation, which are followed by a slow increase of the
acoustic wave amplitude before its final stabilization for
large �Q increments. The main difference between simula-
tions and experiments concerns the observation of large low
frequency damped oscillations of acoustic pressure ampli-
tude in Fig. 6 before stabilization.

Figure 7 presents the evolution with time of the mean
temperature gradient �T= �Ts�0, t�−Ts�−Hs , t�� /Hs along the
stack which corresponds to one of the four regimes depicted
in Fig. 6. Two observations may be made from the analysis
of Fig. 7. First, the evolution with time of �T compared to
p1�t� variations indicates that the large oscillations of acous-
tic pressure amplitude appear as a consequence of �T oscil-
lations, which can be attributed to a “competition” between
the external heating �tending to increase �T with subsequent
thermoacoustic amplification� and the heat transfer due to
acoustic streaming and acoustically enhanced conductivity
�tending both to decrease �T�. Secondly, it is interesting to
note in Fig. 7 that after the damping of oscillations, the mean
temperature gradient �T decreases slowly whereas acoustic
pressure is still increasing. This slow increase of acoustic
pressure amplitude is actually controlled by the external
heating �the characteristic time of amplitude stabilization of
the acoustic wave being linked to the characteristic time of
heat diffusion through the resonator walls� which does not
necessarily lead to an increase of �T in the presence of high
amplitude acoustic waves �as depicted in Fig. 7�, but which
leads to a change in the shape of the temperature field in such
a way that the thermoacoustic amplification of sound is still
occurring. The results depicted in Fig. 7 are in agreement
with experimental observations and confirm that the satura-
tion of the acoustic wave amplitude in thermoacoustic en-
gines is a complex phenomenon, because the acoustically
induced changes the temperature field in the thermoacoustic

core involve changes in the spatial distribution of acoustic
pressure, velocity and phase shift between pressure and ve-
locity oscillations in the stack �3�, with subsequent changes
in the thermoacoustic amplification process.

It is also interesting to investigate the independent role of
acoustic streaming and acoustically enhanced thermal con-
ductivity on the dynamics of the wave amplitude growth.
The results of such investigation are presented in Fig. 8
where the calculated evolution with time of acoustic pressure
amplitude including both acoustic streaming and acoustically
induced thermal conductivity �solid line� is compared first to
the case when acoustic streaming is neglected �dashed line�
and secondly to the case when acoustically induced thermal
conductivity is neglected �dotted line�. The results obtained
demonstrate that both acoustic streaming and acoustically
enhanced thermal conductivity contribute to the acoustic
wave saturation, the most important contribution being that
of acoustically enhanced conductivity �because the dashed
curve in Fig. 8 is lower than the dotted curve�.

In the following, all the nonlinear saturation processes
described in Sec. III, including higher harmonics generation
and minor losses, are taken into account in the simulations.
Figure 9 presents the results obtained for the same �Q /Q0
increments as in Figs. 2 and 6. From the comparative analy-
sis of Figs 2, 6, and 9, it can be concluded that the effect of
minor losses and higher harmonics generation is not negli-
gible because it provides an additional damping of the low
frequency oscillations of acoustic pressure observed in Fig.
6, in such a way that a very close agreement between theo-
retical results and experimental results of Fig 2 is finally
obtained. Thus, this means that all the above mentioned non-
linear effects must be included in the model to obtain results
which are qualitatively and quantitatively in agreement with
experimental results of Fig. 2. Anyway, the previous inter-
pretation of the role of acoustic streaming and acoustically
enhanced thermal conductivity on the dynamic behavior of
prime mover operation remains valid here.

V. CONCLUSION

In this paper, an experimental and theoretical investiga-
tion aiming at characterizing the nonlinear processes leading

FIG. 7. Calculated evolution with time of acoustic pressure p1

�top� and mean temperature gradient �T= �Ts�0, t�−Ts�−Hs , t�� /Hs

along the stack �bottom� when �Q /Q0=17%.

FIG. 8. Calculated evolution with time of acoustic pressure am-
plitude p1 when �Q /Q0=17% and when higher harmonics genera-
tion and minor losses are neglected. Solid line: ��v ;�
�= �4
�10−8 ;2�10−6�. Dashed line: ��v ;�
�= �0;2�10−6�. Dotted line:
��v ;�
�= �4�10−8 ;0�.
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to steady-state sound in annular thermoacoustic prime mov-
ers is presented. From the analysis of the experimental re-
sults, it is demonstrated that the effects involving the reverse
influence of the acoustic field on the temperature field need
to be included in an adequate theory when trying to predict
the amplitude of acoustic pressure in the stationary regime.
Then, the simplified analytical description of the interactions
between acoustic and thermal fields is proposed. The model
is based on a one dimensional approach to describe heat
transfer in the thermoacoustic core. It includes both the ther-
moacoustic heat pumping effect from hot to cold end of the
stack �equivalent to acoustically enhanced thermal conduc-
tivity� and the forced convection due to the excitation of a
mean unidirectional acoustic streaming. Furthermore, simpli-
fied descriptions of the additional saturation processes due to
minor losses and higher harmonics generation are included
in the model. The obtained equations are then solved using
classical finite difference schemes, and the simulation results
are compared with experiments: in spite of numerous ap-
proximations in the model, the simulation results reproduce
remarkably the dynamical behaviors observed in experi-
ments. Furthermore, the results give a new physical insight
on the processes which control the saturation of the acoustic
wave: it is demonstrated that the acoustically induced reduc-
tion of the imposed temperature gradient and the variations
with time of the shape of the temperature field in the whole
thermoacoustic core are predominantly responsible for the
observed dynamics, but also that it is necessary to account
for additional losses due to higher harmonics generation and
minor losses when trying to reach quantitative agreement
between simulations and experiments.

It should be recalled that, in the research field on thermoa-
coustics where the preliminary experimental analysis of fun-
damental physical processes remains essential, it is well es-
tablished now that the saturation processes involved in a
particular thermoacoustic device depend critically on the
characteristics of the device itself. For instance, in the annu-
lar thermoacoustic prime mover which is studied in this pa-

per, it has been demonstrated that both the dynamics of the
wave amplitude growth and the acoustic levels obtained in
the stationary regime depend on the stack heating process
�e.g., the ”internal” heating give rise to a periodic switch
on-off of the thermoacoustic instability �26�� or on the ori-
entation of the device relative to the gravity field �i.e., the
effect of natural convection �27��. This renders the problem
of predicting the performance of thermoacoustic device very
difficult to solve, especially because the design of the exist-
ing thermoacoustic devices devoted to industrial applications
is more and more complex. However, the analytical methods
presented in this paper may be useful in the future as an
interesting tool for engineers aiming at finding new ideas to
optimize the performances of thermoacoustic devices.

APPENDIX: ESTIMATES FOR HEAT TRANSFER
PHENOMENOLOGICAL COEFFICIENTS

In the one-dimensional approach presented in Sec. III B,
the thermoacoustic core is composed of three different media
�subscripted as r, s, and w in Eqs. �3�–�5��, and it is assumed
that the coupling between two different media is proportional
to the difference between the temperatures of each medium.
In the present case, it is not possible to have an analytical
expression of the heat transfer coefficients hr↔w, hr↔s, and
hr↔� which account both for the particular radial distribution
of the acoustic streaming velocity and for the presence of a
high amplitude acoustic wave �28,29�. So, the approximate
values of h are obtained here from known solutions giving an
expression for the Nusselt number

NuD =
h D



�A1�

associated to more classical problems of heat transfer �20�,
where 
 stands for the thermal conductivity of fluid and D is
a characteristic dimension of the medium.

1. Internal convection inside the resonator

The main approximation here in the estimate of hr↔w con-
sists in assuming that the unidirectional flow associated to
the mean acoustic streaming is a laminar flow. From Ref.
�30�, the Nusselt number associated to internal forced con-
vection in an horizontal tube �length L, diameter D� is given
by the relationship

NuD = 	3.663 + 1.663� Re
D

L
�1/3

, �A2�

which is valid if the conditions Re900 and 10−1

� Re D /L104 are satisfied, where � and Re denote the
Prandtl number of the fluid and the Reynolds number asso-
ciated to the streaming induced mean mass flow, respec-
tively. In the present case �with L�HW, D�2ri�, the ap-
proximate analytical expression for hr↔w is finally derived
from Eqs. �A1� and �A2�:

hr↔w =

a

2ri
	3.663 + 1.663�

vw4ri
2

�aHW
�1/3

. �A3�

FIG. 9. Calculated evolution with time of acoustic pressure am-
plitude p1 for various �Q increment of the external heating power
supply above the critical value Q0, when higher harmonics genera-
tion and minor losses are included in the model.
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2. Radial conduction and internal convection in the stack

The conductive and convective radial heat transfer be-
tween the stack and the resonator wall can be estimated cal-
culating the equivalent thermal resistance in the radial direc-
tion.

First, it is assumed that the actual conductive heat transfer
� between stack and resonator walls is close to the conduc-
tive heat transfer through a cylindrical socket which is con-
stituted of ”half a thickness stack” in the radial direction
from r=ri /2 to ri and of “half a thickness stainless steel”
from to r=ri to ri+ �re−ri� /2, assuming moreover that inter-
nal and external surfaces are isothermal at temperatures Ts
and Tr, respectively. Consequently, this heat flux � is de-
rived from the radial thermal resistance Rth of the cylindrical
socket as follows:

� =
Tr − Ts

Rth
, �A4�

with

Rth =
ln� ri

ri/2�
2�
s

�Hs

+
ln� ri+�re−ri�/2

ri
�

2�
iHs
, �A5�

where 
s
� denotes equivalent thermal conductivity of the

stack in the radial direction.
Secondly, the effect of forced convection in the stack

pores is included in the estimate of 
s
� in Eq. �A5�, by cal-

culating the thermal resistance of one stack pore in the radial
direction. Figure 10 presents the geometrical structure of the
stack with square channels �sidelength Da� surrounded by
ceramic walls �thickness Dc�. The thermal resistance of one
stack pore �length Hs� in the radial direction is written as the
sum of three elementary resistances Rs

�=R1+R2+R3, where

R1 = R3 =
Dc/2


c�Da + Dc�Hs
�A6�

are the resistances to heat conduction in the ceramic walls
�see Fig. 10�, and where the resistance

R2 = Rc//Ra =
RcRa

Rc + Ra
�A7�

is the parallel association of

Rc = 	 Da


c
Dc

2 Hs
�//	 Da


c
Dc

2 Hs
� =

Da


cDcHs
, �A8�

which characterizes heat conduction in the ceramic walls,
and of

Ra = �hconv4DaHs�−1, �A9�

which characterizes the forced internal convection in the
channel � “wet” surface=4DaHs�. In Eq. �A9�, the heat trans-
fer coefficient hconv is obtained from Eq. �A2�:

hconv =

a

Da
	3.663 + 1.663�

�vw/	�Da
2

�aHS
�1/3

. �A10�

Finally, reporting the expression 
s
�= �Rs

�Hs�−1 in Eq. �A5�,
the expression of the global conductive and convective heat
flux between the stack and the resonator walls

�

2�riHs
= hr↔s�Tr − Ts� �A11�

yields the expression of the global heat transfer coefficient

hr↔s =
1

2�riHs

1

Rth
. �A12�

3. External heat leakage

Due to natural convection and thermal radiation, part of
the thermal energy introduced in the resonator walls is trans-
ferred towards the external medium �at temperature T��. It is
assumed here in the estimate of the corresponding heat trans-
fer coefficient hr↔� that the heat leaks due to natural convec-
tion prevail over those due to thermal radiation. Then from
Ref. �20�, the Nusselt number associated to external natural
convection around an horizontal cylinder �diameter D,
30 �mD10 cm� at temperature Tr is given by

�  103, NuD = 0.53	g�D3�Tr − T��
�


�1/4

, �A13�

where �, �, and 
 denote thermal expansion coefficient, ki-
nematic viscosity and thermal conductivity of fluid, respec-
tively, and where g=9.81 m/s−2 is the acceleration of the
gravity field. Finally, the heat transfer coefficient hr↔� is
derived from Eq. �A13� as follows:

hr↔� = 0.53

a

2re
	�g�2re�3

�a
a
�1/4

�Tr − T��1/4. �A14�
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